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Special Relativity in Quantum Mechanics

E. P. Wigner - Ann. Math. 40,149(1939)

X, X" inertial  (x—y)?=(x—y)?

X' =MAx+a ANt =7

Poincaré group = symmetry group of quantum theory

(@) > = [(¢'|e)]?

[¢) = U(A a)ly)



Construction of U(A, a)
Quantum field theory

vectors
8) = 6()|0) = / $(x)g(x)d*x(0)
chqb gon) - d(gm)|0)

inner product
(flg) = / £ (x) d*x (016 (x)6(1)10) d*y g(y) = / F(x) d'x W(x:y) d'y g(y)

(flg) =

ch /gn Xty X)W X Ym - ya) fn(yay -, ym)d " xd™ "y



U(A, a)

lg") = U(A, a)lg)

gn(x1- - xn) = gm(x =[S A Mem(N (i —a), -+ A (x0 — 2))

U(A, a) unitary
i

W(Xl"'Xn;ym”'_yl):
[ISmN W (ha +a- A+ a) [T su(n™

Follows from field covariance and vacuum invariance



Relation to Poincaré invariant quantum mechanics

(flg)" = (glf)  (glg) >0
wi=w w>o0
(3
W=AA |V)=Apg)

A=EVW E'E=1

A: Insert a complete set of Poincaré irreducible eigenstates between the
initial and final fields in W

((m, )P, 11 d|Alxa, - - x1) := ((m, j)p, 11 d|p(xn) - - - B(x1)[0)

Wi = YA (. )p. i d)dpdim((m )p. i o



Examples:

free scalar field
e—iwm(p)xo—p-x

(mplAR) = s

free spinor field

—iwm(p)x®—p-x

) =S Up,i
(1720, A ) = 2 (o)

general case

[(m,Jj),p, 1. 8) =

XAU(R, 0)U(I, x)|g)e™ P DI, (R)3(p? + m?)6(p°)d* xdRdp®



Connection with Poincaré invariant quantum mechanics

Vim(P, 1, 8) = ((j, m)P, i, d|Alg)

AUsieid (N, a) = Upi(A, a)A Pl=Poincaré irreducible
((m,)p, i d|AIAXL + a,- - Ax + a) [ SHATY) =

/.
I PMPM /\a (m.j) 7N|d‘A‘XnX1>

Do (N 3) = ((m, )P, [ U(A, 3)|(m, )p, 1)



(Upi(N, a)V¥jm)(p, 1 d i ot (N V(P 15 d)

Identical to transformation properties of wave functions in
Poincaré invariant quantum theory.

oo # degeneracy parameters, d, in field theory case.

A=EVW — V.(p, u; d)

V;m(p, 11; d) determined up to a unitary transformation, E



Properties of Up(A, a)

Cluster properties +

W=AA

lim W(X17"' » Xny Xn+1 +.y7 7Xm+y):

y2—o0

W(x1 - X)W (xnp1, - 5 Xm)

W=AA= W, =]]ALA,

Same E in A and A,
A

lim [[(Upi(A, a) = @Up1,5, (A, a))AT (v)|g)|| — 0

ys—00



Field theory — three-body models

wjm(Pa 22 d)

dc Sﬁnite ) Sremainder

H = Hsfinite @ HS

remainder

UP/(/\v a) : Hsfinite - Hsfinits

Gives exactly Poincaré invariant few degree of freedom
system



Three-body models

o Model assumption: Limit degeneracy parameters, d,
corresponding to three-body degrees of freedom

Hpr — H3p Upi(N,a) — Usg(A, a)
Upi(A, a) defined up to overall E = A(W)~1/2

e Construct a model Usg(A, a) of Up/(A, a) on Hpp that is
consistent with:
three-body experiment
Usg(A, a) unitary rep of Poincaré group.
relevant cluster properties.

spectral condition.



Construction of Hyg (N = 2,3)

¢ Identify experimentally observable single-particle DOF
(mi7ji)

o Let

Hmj := mass m spin j irreducible representation space

e Construct Hpyp N =(2,3)

Hspg = Hml,h ® Hmﬂz ® Hm31'3

Hog = Hmj; © Hm,j,



Choose a basis for H,,; and H3p

{j?, m,h} maximal set of independent commuting Hermitian
functions of one-body Poincaré generators

h— (p7#)7 (Vv ﬂ)a (p+7 PL, Nf)> T

Humg, = {Wimi(h) ijmj(h)ﬁdh < 0}

Dt (A, a) = ((m, ))h|Uny(A, 3)|(m, j)h')



Construct non-interacting dynamics (N = 3),

UO(/\7 a) . H3B — H3B
Uo(N, @) i= Umyji (N, @) @ Umyjp (N, @) @ Umyjs (A, a)

(UO(A’ 3)\Um1j1m2j2m3j3)(h1, hy, h3) =

IJ( ) ) ) / / / /
XHDh h’ m111m212m313( 1 27h3)Hdhi



Construction of dynamical U,g(A\,a) : Hog — Hop

Construct irreducible basis for Uy(A, a) in (m,j, h)-basis using
Poincaré group Clebsch-Gordan coefficients

(1,2[(12)) = ((my, j1), h1, (m2, j2), h2|(m12,12), h12, d12)

Yoo g o). 2162) = Y. 2102 2 a2



Generalized Bakamjian-Thomas construction of
Upe(N, a) - Hns — His

Define an interacting mass operator (rest Hamiltonian), M,
by adding an interaction, v, to the non-interacting mass
operator, My, in the non-interacting irreducible basis.
Choose v to satisfy

((m,j),h,d|v|(m',j"),W, d") = 5[h — W]d; (m,d||V/|m d)
M/ = Mo + v

Diagonalize M in this basis to construct simultaneous
eigenstates of M, ;? h

((m, j)h, d|(A,j )W) = d[h — h|o;Wy;(m, d)

(A — m)W g, (m, d) = ivn, di|v | 'YW, ()



M = MT = {I(A)h, dx)} complete
(Ust(N, a)Wy)(h,d)) = Ipaﬂ/(Ay a)Wy;(h,dy)
Upt(A, @) unitary

Defines irreducible dynamical unitary representation,
Upt(N, a), of the Poincaré group on Hyp



Connection with two-body experiment

Mo=: /K2 +m2+\/k2 + m}  (definesk?)

M = \/k2+2,uvnr+m%+\/k2+2/.LVnr+m%

v,r standard non-relativistic interaction

vi=M-— M
mimo
Comp+my
2 2
p k
nr 2(m1 T m2) + Dpr nr 2M + Var

M= \/2uh,,, + m% + \/2,uhn, + m%



Two-body scattering

lim [le= ™ty (0)) — e~ Hmot[4po(0)) ]| = O

t—+oo

)

i [04(0)) = erfe o 0)) | = 0

lim e/Hn,telen,ot — lim elhn,t 7[/’101.’ lim eIMfe*IMot
t—+oo t—=oo t—*+o0

. ‘N2 __i€M2 . P2 _ 42 R ; g

III‘ eIM te IMot — III‘ elH,te IHrot — |Ii’] elH,te iH,ot
t—100 t—100 t—100

Sfl(nr( ) <7/)+|¢ > Sfl r( )



Choice of interaction? - Ekstein’s Theorem
M = EMET  M}):=M, EE'=1

S =QL (M, Mo)Q_(M,My) S = QL (M, Mp)Q_(M', My)

S=S5« 1l

m
t—=+o0

I(E = 1e=™|y)|| =0

E = Qu(M', Mp)Ql (M, Mo) + |B')(B|

M—My=v~v =EME" — M,

~ = “scattering equivalent”

(Ekstein - 1960)



Interactions only determined up to unitary transformations,
E, that preserve the S matrix.

Freedom to choose E appears in A= EvW.

No loss of generality in using

Mp: = \/k2 + 20Vpr + m% + \/k2 + 2puvpr + m%

in two-body problem

There are NO relativistic corrections for N = 2.



Kinematic subgroups and Dirac forms of dynamics

(A, a) € kinematic subgroup associated with irreducible
representation basis h if

Dy (A, a)

is independent of m

Each of Dirac’s kinematic subgroups is associated with a
different irreducible representation basis, (m, j, h).

Most bases have the identity as the kinematic subgroup



Kinematic subgroups are scattering equivalent

<(m7j)h7 d|(ml7jl)f/7 d/> =

. oh
5('77 — m/)dﬂ-/ddd/d[h — h(J, m, f)”ﬁ 1/2 =
. of
6(m = m")jdaa S[F — £(j, m. )] 7 /2

(|%|l/2 is generally mass dependent and has a discrete component)

((m, j)h,d|S|(m", /)0, d') = 6[h — '](m, d|S'|m, d")

((m, )F,dIS|(m,j" ) d') = 6[f — F'[(m,d|S'|m,d)

The S-matrices are identical because the delta functions become

equivalent when m = m’



N>?2

Cluster properties - separate region A from region B

Y

(X7y|)i2nl+oo [[U(A, a)— Ua(A, a) @ Ug(A, @)] Ta(x) @ Ta(x)|4)|| — 0

Tc(x):=Uc(l,x) Cec{A B}

e Fails for N = 3 generalized Bakamjian-Thomas
construction!

e Automatic for 2 + 1 tensor product Uz)p:(/\, a) ® Us(A, a)



N =2+ 1 - cluster properties

U2)e(3)(Ns @) := Uga)pe (N, @) @ Us(A, a)
Ua2)3)yee(A, a) generalized BT
Un2)e3)(Ns ) # Uazy@e)ee(A, a)

however

S(12)e(3) = S(12)(3)bt
\(3

Un2)ei3)(A a) = Eaz)3)Uaz) )bt (A a)E(le)(3)



Cluster Properties (2 + 1)

(AB|C)
U12),(N, a) @ Us(A, a) R U12),(3) (A, @)
V(lZ)btJ/ l Vi12)3)bt
(AB|C),
—_—

Ua2ype(N; @) @ Us(A, a) Ui2)e(3)(N\; a) U2)3)be(A, @)

~Y
~—
Eio

Su2)e@) = Suee: = Ua@s(A, a) = ElUnaye) (A a)Er
Ekstein



Constructing V;n,(h), Upi(A, a)

ks my = \/m? 413+ \[m? 413

qi:/\/loz\/m,?j+qi+\/m§+qi

Mo = M2+ K2+ 20V () + 1/ M2 41 + 2450

Mispioee = \/ e + G + \/ m;; + aj



Constructing V;,,(h), Up/(A, a): BT interactions

Viiiykybe = Mij)ype — Mo

with

(a2, ki, 52 Wl i, di Vo lak. kG, g%, b, dij, di) =
S[h' — h]6y0q a,0(a — ag)dj, (K77, di Wn”rllk i)

J UJ



Constructing V;n,(h), Upi(A, a)

Mpt = Ma2)3)6t + M23)(a)et + Miany@)pe = 2Mo + Viaas)er =

T T
E12y3Ma2)e3)E(12)3) + EsyyMe3)e(r) E@3s))+

E(T31)(2)M(31)®(2)E(31><2) — 2Mo + V(123)pt

Diagonalize in a non-interacting irreducible basis

I
Ubt(/\7 a)

E(V) := e"(Euae)Hn(Eesm)+n(Eene)

Upi(A, a) = E(V)Upe(N, )ET (V)  Mpy = E(V)MyET(V)



E(V) preserves all kinematic symmetries

Upi(A, a) same S-matrix as Up:(A, a) (N = 3 only).

Mpi — Mij)e k) — Mo

Upi(A, @) — Uji(A, a) @ Uk(A, a) — Ui(N,a) @ Uj(A, a) ® Uk(A, a)



Properties of Up/(A, a)
Same transformation properties as Up; derived from field
theory.
Same cluster properties as Up; derived from field theory.
Experimental cross sections - agree with correct field
theory when few-body degrees of freedom d dominate in
field theory.

Same spectral condition as field theory provided M, > 0

Both field theory and QM Up(A, a) defined up to
scattering equivalence £



Microcausality ?

Relativistic effects?



Microcausality (assume (x = 0,t = 0) Lorentz invariant)

U(A.0)[0.0)x = 0.0 U(A.0)lp), = [Ap), “’(?‘;)
w(p
o 1 - m . C
X<070‘p>P X <070‘U(/\ (p)70)|p>P X <070|0>PH wm(P) - \/m
: ceiPx
x|p) = (0|e”"P*|p) =
(xlp) = (0]e"""*|p) )
dp e ipx i
0= | Pl (10 = [ o = 50700

5D (0,%) — (mix|)/2e™m



No consistent position operators in the enveloping algebra of
the Poincaré generators to localize particles in regions
smaller than their Compton wavelength (A = 1/m).

S matrix elements at bounded energy cannot distinguish
microcausal theories from other causal theories.

Not enough operators in the model to describe an
experiment that can localize particles in space and time;
error ~ \..



Relativistic effects?

First appear for N=3

e Depend on choice of E(V)

e E£(V) mixes off-shell effects, three-body force effects
with relativistic effects.

Compare to NR three-body model with equivalent
two-body interactions.



Three-body scattering

Sac = ac,bt = 0ac — 277[5(Ma - MC)TgtC

Thi (2) = Ti; (2) = Vit + Vi Rot(2) Vige

Rt(2) = (2= Mpe) " Vapt=Mape— Mo V= Vapr
a#b

a, b, c € {(12)(3), (23)(1), (31)(2)}



Faddeev equation

Rept(2) = (z — Mo — Vi pe) !

Rut(z) = Re pt(z) + Re,pt(2) Vi Ru(2)

Tgf(z) = Vlft + Z Ve bt Re,bt(2) Tbct?(z)
c#a



Relativistic effects

(al T (2)1b) = (al Vi )+ ) (ale) {c| Ve e Rebe(2) ) el Ty

c#a

(alc) = Poincaré Group Racah coefficient

(a|c) = d[h — W]6(M — M"Y 1, RM (d,, d.)

Replaces NR permutation operator

(2)1b)



Relativistic effects

zZ =z

<C/|Vcﬂ,btRc7bt(ZC)|C> = <C/‘TC,bt(ZC)(Zc - MO)_1’C> =

(/| Vepele ™) ze — Mo) ™t = (' |Mc ot — Mo|c™)(ze — M) ™ =

24 (w1 +w2)? + (W) + wh)?
wiwp + wiwh w1 + w2 + wi + wh

wi = 1/ kZ + m?

Large mass limit — t, /(zc.nr — hor)

(cltar(k)|c")(ze — M0)71




Relativistic effects

z # 2,

First resolvent equation

(2 = z)

(Z/ — Mo)(ZC — Mo)

Tc(zl) = Tc(zc) + Tc(z/) TC(ZC)

(| Te(ze)le) = (c'[tnn(ze)lc)

/
me + mg

Input to Faddeev kernel



Relativistic effects

e Permutation operators.

o Modification of half-shell t.

¢ Modification of free resolvent.



Predictions

Binding energies
M) = A[W)
|\IJ) = E( V)|wbt> Mbt|wbt> = M\Ubt>
Scattering probabilities (N = 3 only)

15617 = [(WF W) 2 = (Wi [V P

Electromagnetic and weak current matrix elements

(Wel17(0)|Wi) = (Ve ET(V)I"(0)E(V) ;)



Low-energy results (with spin)

Triton binding energy

H.Kamada et. al. EFB 20 Proceedings

Ay
H. Witata et. al., Phys. Rev. C77, 034004 (2008)

G. A. Miller and A. Schwenk, Phys. Rev. C76, 024001
(2007)



Triton Binding Energy

Potential E[" Ef A

RSC -7.02 -6.97 0.05
CD-Bonn  -8.33 -822 0.11
Nijmegen Il -7.65 -7.58 0.07
Nijmegen | -8.00 -7.90 0.10
Nijmegen 93 -7.76 -7.68 0.08
AV18 -7.66 -7.59 0.07

Exp. (-8.48)
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Results up to 2 GeV (no spin)

Exclusive breakup at 500 MeV

T. Lin et. al. Physics Letters B660(2008),345,

Tests of approximations

T. Lin et. al., nucl-th/0801.3210,



d°0/dQ,dQ,dE, [mb/(MeV st?)]
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d°0/dQ,dQ,dE, [mb/(MeV st?)]
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Ejp = 500 MeV, 8, = 18 deg, Neumann
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Figure 2: The incls differential cross section at projectile energy Eiy = 500MeV and

0, = 18°. Neumann



Need for cluster properties for N > 4 (electron scattering
-Keister, Tucker)
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Conclusion - Outlook

Restriction of degrees of freedom in QFT constrains
structure of relativistic quantum mechanical models.

Freedom to change representation allows one to utilize
existing realistic NR interactions.

Connection with QFT determines the structure of
extensions to more complex reactions.

Cluster properties has observable consequences for
systems of four or more particles.

Realistic few-body calculations are possible, relativistic
effects first appear for N = 3.



