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What are wavelets?

They are orthonormal basis functions that are used in
data compression algorithms.

JPEG digital images are tables of expansion coefficients
in a wavelet basis.

FBI fingerprint files are stored as expansion coefficients
in a wavelet basis.



Our interest in wavelets?

Scattering problems in Poincaré invariant quantum
mechanics can be formulated as integral equations with
compact kernels.

Compact operators can be uniformly approximated by
finite-dimensional matrices.

Large matrices can be uniformly approximated by sparse
matrices in a wavelet basis.

Wavelet bases can be used to improve the efficiency of
momentum-space scattering calculations.



Interesting considerations

Wavelet bases are natural for problems (quantum field
theory, phase transitions) where many scales are strongly
coupled.

Basis functions are related to fixed points of a linear
renormalization group equation.

Basis functions have a fractal structure, and are not
amenable to standard numerical methods.



Elements of wavelet numerical analysis

Unitary operators, D and T on L?(R):

The scaling function, ¢(x), is a fixed point of (1) with
normalization

/¢(x)dx =1



h; are constant coefficients that determine the type of
wavelet (we use Daubechies’ wavelets).

k is a finite integer.

A necessary condition for the existence of a fixed point
of the scaling equation is:

2k—1

> h=v2.
=1



Daubechies’ scaling coefficients, kK =1,2,3

h | k=1 k=2 k=3

ho | 1/v2 | (1++3)/4V2 | (1+V10+ V5 +2110)/16v2
hi | 1/vV2 | 3+V3)/4v2 | (5+ 10+ 35 +21/10)/16v/2
hy | 0 (3—+3)/4v2 | (10 —2V/10 + 2v/5 +21/10)/16v/2
hs | O (1—-+/3)/4v2 | (10 —2v/10 — 2v/5 + 21/10)/16V/2
hy | O 0 (5+ v/10 — 3v/5 + 24/10) /16+/2
hs | 0 0 (1+ /10 — V/5 +2V10) /162




Computing ¢(x)

Theorem: support|[¢(x)] € [0,2k — 1]
Theorem: k>1 = ¢(x) continuous.

2k—1

¢(n) =v2 > V2he(2n - 1).
1=0

> o(n) =1.

Solving above equations gives ¢(n), n € [0,2k — 1].

2k—1

6(5) = D V2hio(n— ).
1=0

Induction gives exact values at all dyadic rationals.



Daubechies’ K=3 scaling function

15 ‘




Approximation spaces

o Omn(x) := D" T"¢(x).

® (Pmns Pmk) = Onk (fixed m).

e {¢mn}n can locally pointwise represent polynomials of
degree < k for each m.

oV, i= span{¢mn}tn N L?(R) = “scale m subspace” of L?(R).
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Daubechies-2 Scaling Functions Translated
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Summing Daubechies—2 Wavelets to Represent a Constant Function




Summing Daubechies-2 Wavelets to Represent a Linear Function
T
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Multiscale analysis

m>n = V,DOVn
P(R)D DV, 1DV D Vp1D---D0
Theorem: lim,_. oV, = L*(R)
Vi = Vnt1 & Whit

4
Vo=Whit1 ©Who @ @ Wpim @ Vitm

[*(R) = é anvm@<é Wn>

n=—oo n=—0o0



Wavelets

W, are wavelet spaces

21
D(x) = > (=) hak—1-1 T'p(x)
1=0
Umi(x) = D™ Tp(x)
{¢m};  orthonormal basis for W,

1(x) is called the “Mother” wavelet



W(x)

Daubechies’ kK = 3 mother wavelet




support [1(x)] = support [¢(x)]

h; are determined up to space reflection by the requirements

(w7xn):O7 n:07"'7k_1 (¢7Tm¢):6m0
\

2k—1

Z m"(=)"h_m =0 Z hi—omhi = 6mo
=0

m

2k—1

> h=v2
=1



Properties

¢m(x) can locally pointwise represent polynomials of
degree < k.

¥mn(x) are orthogonal to polynomials of degree < k.

Vn - Wn+1 s> Wn+2 ®---D WnJr/ SP Vn+l



Approximations
Fix scale n of approximate solution

Vn - Wn+1 @& Wn+2 ST RN Wn+m S5 Vn+m
W : Vn _)Wn+l@wn+2@"'@wn+m@]}n+m

Wavelet transform W (O(N) orthogonal transformation)

f(X Z am¢>nm X) Z a ¢n+l m X)+Z Z bn+k m"/}nJrk m( )

m k=1



Sparse matrices

/
an < _dp, bnm

w

bnm small if f(x) can be well approximated by degree k — 1
polynomial on the support of ¢, (x).

supp(¢¥nm(x)) C [2"m,2"(m + 2k — 1)]

WMWT = My + M, IM2|| < €, M; sparse



Wavelet numerical analysis

Moments
<x0)¢ = (XO,¢) =1
(XM 1= (x",¢) = (Dx™, D) = 27" 1/2% " y(x
/

2k—1m-1

(xMo = \1f Z > hymr (m— | n),<X">¢

I=0 n=0

recursion

(2
(xMe (XN (X", exact



Low-degree polynomials

= Z Cn dn(x)

exact for m < k

m nm— /

= (T76.xm) = Y s

=0

—



Smoothness

2k—1

d(x) = V2> ho(2x — 1)
1=0

\
(b(n) - \/EZ Hnm(b(m) Hmn = hop—m

J J!
d—j(n) - 2’\6; Hanj(m)

¢ has | derivatives if H,,, has an eigenvalue \ = 2/\/2



Derivatives

X_ZC1¢,, :>1_Z ,%ddi"(x) C,%:n+<X1>¢

D) —2Zhrd¢<)
J
do do
P (220
do



Derivatives

d(bmn dwmn
g %) g %)

can be calculated exactly at dyadic rationals.

d¢mk

dom dm dym
(¢mn7 dx ) (dJn/, ¢ k) (gbmny ka) (¢nla w k)

can all be computed exactly.



Nonlinearities

Gy (X) Py (X) ~ D T2 s (x)

n3

I—Zinz = /¢n1(X)¢nz(X)¢n3(X)dX =

2n3+h
Z \@hh h/2 h/3 r2n1+/1,2n2+/2

h,k,hk

n3 _ n3 _ro0
2 :rm,nz - 5"17"2 rn17n2 - rm—n37n2—n3
n3

n3 .
ny,m?



Boundary integrals

2k—1

o0 1
Bm = /m d(x)dx = 5 /z; hiBam-—i

B,=0 m>2k—1 B,=1 m<20



Poles

1 1
In = (¢n, m) = (Dén(x), Dm

2k—1 2k—1

V2y© h/(¢2n+/7 \fz hiJans

1=0

)=

large n

]
S | X
3

m=0

m
dx
iw:/ o = ZJ + boundary terms



Logarithmic singularities

Ly :=(¢n,In) = (D¢, DIn) =
2k—1

1
> hilan—In(2)
V2 i3

large n
Ly = In(n) — Z(—1)m<;:,>j



One-point quadrature
k>1= (x")y = (x)g, n=0,1,2
4
[ 60P(ax ~ P((x7))

exact for P(x) a polynomial of degree 2!



Moving singularities

/ém_x_ dxdy =



Autocorrelation function




100 =gt + [ )0y

f = Z fadmn(X)

fi=g(x)+ > K(a, yn) i diwh;

nk

W = solve = W™ ! =

F(x) = g(x) + D K(x, yn) oWty

nk

x — 0+

_ m/2/d Pmn(x)



Required input

a. Kernel at one point quadrature points

b. Driving at one point quadrature points

/
c. Integrals I, and J, on one scale






K=3, E=10 MeV, J=-7

percent  on-shell value
100 -125.00480
17.78 -125.00480
11.38 -125.00480
6.6 -125.00475
3.76 -125.00269
2.14 -124.99030
1.24 -124.85112
72 -123.82508
.38 -125.25766

on-shell error
0
1.05%x10~8
5.14x108
4.49x107
1.69x10~°
.000116
.00123
.00944
.00202

mean-square error
0

2.56x1078
2.44x10°7
1.88x10°6
2.08x10~°
.000228

.00217

0117

128



Re(T) Im(T)




Quantum fields ®(x)

o)

o) m—1
O(x)= > O(mn)dma(x)+ > > W(m,n)mn(x)

n=-—o00 k=—00 h=—00



Volume Cutoff N (both sums)

[e's) N
>~ X
n=—00 n=—N

Resolution Cutoff M (wavelet field sum)



= d m,n m,n
= 3 o(m mPma P S um o

n=—00 k=—o00 n=—00

Derivative of the wavelet or scaling function can be
expanded in basis of wavelets and scaling functions

dbmn,
dX (X) -

> (E00 G )m(x)

n—=—oo

m—1 00

)DRD DR CLLATARTANE)

k=—00 n=—00

(x)



Operator products

d>(x)2 =

Z ®(m, ny)®(m, n2)¢m,n1(x)¢m,n2(x)+

ny,np=—00

o0

m—1
Z Z ¢ m n1 k n2)¢m n1( )7/’k,n2()<)Jr

ni,ny=—00 k=—o0

o0

m—1
Z Z \U(k, nl)q)(ma n2)wk,n1 (X)¢m,n2(x)+

ny,Nr=—00 k=—o00

o0

m—1
Z Z w(kb nl)w(k% n2)7pm,n1(X)wm,n2(X)

ny,np=—00 ky, kp=—00



m,m (X)d’m,nz (x) =

Z ¢m,n3(x)/¢m,n3(Y)¢m,n1(Y)¢m,nz(Y)dy

n3=——o0o

e}

m—1
> 3 i) [ G ()omn (X))

n3=—00 k=—o0



Change of scale

®(m,n) = WTo(m—1,1)+ WTW(m—1,1)

W,;’,’l and W,;’,Q exactly computable

Use resolution cutoff after computing all derivatives and
operator products. Cutoff gives projection on subspace of
given resolution.



[Gi(x), Gj(y)] = igijkd(x — y)Gk(x)

Zlbn(x) =1 (partition of unity)



Generalization of block-spin approximation. Has more
smoothness.

Map connecting different resolutions is invertible.

Scale invariance means that the dependence on the ¥
fields vanishes.

Local operator products and derivatives of fields are
described in terms of analytically computable overlap
integrals.

V fields describe physics lost on changing scales.

Natural projections on given scale.



Open Questions?

e Reflection Positivity?

e Exact local gauge invariance?

e Poincare invariance?



Conclusion

e Wavelet bases have all of the advantages of spline bases
with the additional properties:
a. orthonormal basis.
b. sparse matrix (even in momentum space).
c. wavelet transform automatically finds structure.
d. application to scattering with Malfliet-Tjon potential
more accurate than what we can obtain with spline basis.

e Tested on two-body scattering using partial wave and
direct three-dimensional integration.

e Interesting possibilities for discrete field theories.



