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Time-ordered Green Functions

G(x1,-2n) = (O[T (¢(z1) - - - @) [0)

T(p(x1)p(2)) :=

O(t] — 13)d(x1)P(x2) -

= 0(ty — 1Y) p(w2) (1)



Cluster Decomposition

[ =|0)(0] + 1L,

Wa(z1, x2) == (0]@(71)9(22)]0)
= (0]¢(z1) P(x2)]0)
= (0]¢(z1) ¢(12)|0) + (O[p (1)1 ,¢(x2)]0)

WQ(QZl, 332) — Wl(ﬂjl)Wl(iEz) -+ Wt(ﬂfl, ZEQ)



Cluster Decomposition

WQ(QZl, 332) — Wl(ﬂjl)Wl(iEz) -+ Wt(ﬂfl, LEQ)

Wiz, z2) ~ (0]o(0) ¢(0)|0)

e
lim  Wi(xy —29) — 0

(x1—2x2)%2—00



Cluster Decomposition for G4

G1(x) = constant = 0
Y
Ga(w1, T2, 73, 74) =
Go(x1, 14)Go(xo, 3) + Go(x1, x3)Go(Ts, x4)+
Go(x1, 29)Go (23, x4) + Gi(1, X2, T3, T4)

Y
Gy, = Gy + Gy



Bethe-Salpeter Equation

» Treat G4 as the kernel of an integral operator

K =G, -G}’
Y
— Gy = GyKG =Gy
* BS equation determines G; from Gy and K



Homogeneous BS equation

Gy(x1, 0, 25, 27) — G(X — X', z,2') :



Homogeneous BS equation

G\(X — X' 2,2 =
H(XO . X/O)

+other time orderings



Homogeneous BS equation

/

OIT(6(X+ D)o(x - )T X+ 26t (x=Z))l0)

X X

= <O\T(¢(§)¢(—§))

(qff( )cb‘L( ))\0>



Homogeneous BS equation

» Use existence of complete sets of physical
states and the representation

is XY
o(X) = - / ds—C

i)

{4




Homogeneous BS equation

s
)

vn (@) 1= UTEOGEDS(52)lp,n)
n \/2(4)/,1(_)
(p, n|T (¢ (32)9 (—32))10)
/2w, (D)

Xb () =



Homogeneous BS equation

N 1 .
Gp(x,z') = 2n)? /d4X62P'XG’(X,a:,y)
T /
— Xm @ @)
:_QMZPO—%—W .

n



Homogeneous BS equation

~

Plim (PY — wn)/égl(aj,y)Gp(y,x’) =0
4



BS normalization condition

~ ~

o (=) [ GGty a)aty) —

l



Mandelstam and Physics

- Goal: compute (p,|O(y)|p,)

 Input:

Ga(w1, T, w3, 24) := (0T (¢(x1) - - ¢ (4)) |O)
Gs(T1, T2, Y, T3, Tq) =

(0| (¢(21)d(22)O(y)9' (w3)¢" (4)) |0)



Mandelstam

» Using the same methods with G5 gives

~

G5(p7 £z, Ov q, 'I/) —

o)y,
- (0:/00)],)



Mandelstam

* The desired physical matrix element can be
extracted using the normalization condition

lim(Py — w,)(P° — w! ) x

~

G5(p7 "9 yapla )



Mandelstam

 For Green functions this method can be
generalized to extract any matrix element of
O.

« Assumes that model behaves as if it

« Consistency between G4 and G5 required.

» The underlying guantum theory has
disappeared.



Quasi-Schwinger Functions

« Analyticity of G,, in times follows from spectral
properties:



Quasi-Schwinger Functions

vi 0 — 0
Sn(xla)(lv'” 7Xn7Xn) —
. = 0 — 0
— hn}T Gn(X17 X1y " 5 Xny Xn)
¢—>§

Gn=Sh



Complex Lorentz Group

¥ u 203l g2
=0y = 1, -2 0 3
r +ixt x —x

0, = (I,01,09,03);

ixV 4 x3 x — ix? )

X :=x"o,, =
K x1 —+ ix? axY — x°

Ocp +— (Z]7 01,02, 03)
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Complex Lorentz Group

det(X) :=

det(X) :=
Ax BeSL(2,C) x SL(2,C)
X' = AXB! X' = AXB'



Complex Lorentz Group

A(A, B, = :
Wy, = §TI'[O'LAO'VBt]

E(A B, = 2
y §TF[JZMA0€VB’5].



Extended Tubes

z, = EY(A, B)x;, — a

 This defines quasi-Schwinger functions in a
complex Euclidean invariant domain



Quasi-Wightman Functions

 quasi-Wightman functions can be recovered
from quasi-Schwinger functions as boundary
values of the analytic functions
Wn()_()lvaj(l)a Co 7)_(}N7:CO ) —
hm Sn()?l, g 10T 7)?N7 )

e Order of Euclidean times = order of fields in
W

Sn=—W,



Reconstruction of QM

» The reconstruction of an RQM is normally
done in terms of quasi-Wightman functions,
which behave kernels of the physical Hilbert
space scalar product.

» Osterwalder and Schrader found essentially
equivalent construction based directly on the
guasi-Schwinger functions.



Reconstruction of QM:
quasi-Wightman

el =
{fo, fi(z11), fo(@or, x22), -+, fr(@pr, -, Tkk) }
(flg) =

Z/d4x1 A pan [ (X, -+, 21) X

Wm+n(ﬂf1, T ,xm+n)gm(xn+1, T 7£Un—|—m)'



Reconstruction of RQM:
guasi-Wightman

(@ f) = (=[f) = (A" (z = a)| f)

Wm(Aajl +a,- - anm + CL) — Wm(ajla " 737m)
)
(flg) = (f'lg")



Reconstruction of QM - OS

X|f) =
{fo, fi(xa1), fa(xat, x22), <+« 5 fe(Xe1, <+ s Xar) }
0(x", %) = (—x",X)
X|Of) =
Ufo, f1(0x11), fa(Oxar, O0x22), -+, fu(Oxp1, - -+, Oxpr) }-



Euclidean form

(©f,5g) = (f,059)

Z/d4xl Xm—|—nf ((9Xn,° ' 7‘9X1)X

Sm+n(xla T aXern)gm(XnJrla T aXner)'



Reflection Positivity
SUPPX|f) sty > tpo - >t > 0 (X|f) € Ss)

(©f,Sg) >0



Physical Hilbert Space

/9 €S-
Y
O(f —9),S(f—9g)=0& f~g
Y
=(0f,Sg9)  felfl., ge€lg-



Reflection Positivity

* RP = RP must hold subspaces
/d4X1 o dx f5 (02, 0%1) Sa(x1, X2, X3, X4) fa(x3,%4) = 0

/d4X1d4X2f1*((9X1)SQ(X1,Xg)fl (XQ) Z 0.



Poincaré Group

l

e’ 3-dimensional rotations

ST

e'@  3-dimensional translations
XO - . . .
e positive Euclidean time translations

¢” "% real rotations in Euclidean space-time planes
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Poincaré Group

(x|P|f) =
o, -0 0
{07 ZaXTlfl(Xn)’( Zaxgl Zaxgz)fz(Xm,Xzz)’---

(x| J|f) =

{0, =iy x —o— fi(x11)

, —UX11 0%, 1(X11),
- 0 ~ 9,

(=21 X X220 X ==—) fa(Xa1,X22), " - - }

OXa1 0%99



Poincaré Group

XIH|f) =
{0, a%(l)lfl(xn)» 3531 | 5,582f2(X217X22)7 -}
XIBIf) =
{O,)?naf(l)l xgla%Hfl(xn),
st 8



Dynamics - Euclidean RQM

. H, P, J, B well defined and self-adjoint on
the Physical Hilbert space

- H, P, J, B satisfy Poincaré commutation
relations

- (-|), H, P, J, B defines a relativistic quantum
theory.




Euclidean BS

Gy =Gog+ GoKG,y
Y
Sy = So + SoKS4
Gy & Sy & Wy



OS Stability

Sy = Sy + SoK .Sy
H> . S — S>
(f, II-O80II. f) > 0

K.small, Euclidean covariant

(f,II-OS5,0I.f) >0



Cases

« Case 1:

([, TI.OS80II. f) > 0 J#0
 Case 2:

(f,II-0S5uI1. f) =0 for somef # 0



-t model




-t model

S11 S21 [ So11 So21 .
S12 5922 S012  S022
S011  S021 ki1 ko1 S11 521

S012  S022 k1o koo $12 S22
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-t model

S > 0; II.051I. >0
)
S11 S11
ki1 = koo < =
o » det(So)  S§1 — Shio
S012 S012
. . det(So) 011 — St
1
]{11 -+ k’lg <

S011 + S012
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4+t model

» The inequalities on £;; are satisfied in an

e This indicates that this trivial model is
OS-stable.

 Parts of the analysis can be generalized more
complicated systems.

» The special property is that
on S-.
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Null Spaces

Sy = Sy + So1.50
1. = K.+ K.SoT..

H>@S4H> — _I_ H>SO@T€SOH>



Null Spaces

(H>f7 @SOH>f) =0
Y
(H>f7 S4H>f) — (SOH>fa (@T)SOH>f)-

X = Solls f f#0=x#0
e
(I f, ©S4ILL f) = (x, ©Tx)




Null Spaces

(x,0Tx) < 0 = instability
(x,©Tx) >0

4
(x,©(=T)x) <0
4
Instability



Null Spaces

 Invariance = Lehmann representation

SO(X — X/) =

(27)? (p? 4 iw (P ) (P — 1w (P))

e



Null Spaces

(fv @S()f) —
(




Null Spaces

(f7 @Sﬂf) =0
Y
/ dtf (p, t)e “m®F =0
Y

Vp andall m € supp(p).



Null Spaces

* Sy free = m iIs a fixed number



Null Spaces

* For particles S, — 515, (product of free
two-point Schwinger functions).

« The supports of f = f; fo can be designed to
be in S. and in the null space of 11. 095,11

 Leads to a condition.



Null Spaces

« If p(m) has absolutely continuous spectrum
then the instability proof breaks down:




Conclusion

 Euclidean BS with IS OS unstable

» Since |K|. > |K|,, = small Minkowski kernels
lead to instability.

* The connection of the BS equation with a
as driving terms to a relativistic
guantum theory Is suspect.



Future

« What happens in realistic models?

» Case of Fermions (protons, neutrons,
quarks)?
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