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Why Is quantum field theory
difficult?

oo humber of degrees of freedom.

No rigorous ab-initio error bounds.

Fock-space generators not generally densely defined

H = / PeT™)  (WH ) = oo

regularization destroys commutation relations.

No few-body problem.
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Why Is non-relativistic few-body
guantum mechanics successful ?

* Meaningful few-body problem directly related to
experiment.

e Solutions with ab-initio error bounds possible.

* Cluster properties relate the few- and many-body
problem.



Relativistic few-body quantum
mechanics ?

Determine degrees of freedom by experiment.

Construct the most general class quantum models with

desired degrees of freedom and exact Poincarée
symmetry.

Constrain few-body dynamics by experiment.

Use cluster properties to relate few and many-body

problem.
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It IS possible?

® (Weinberg) “There have been many attempts to formulate a relativistically invariant
theory that would not be a local field theory, and it is indeed possible to construct
theories that are not field theories and yet yield a Lorentz invariant S-matrix for
two- particle scattering, but such efforts have always run into trouble in sectors
with more than two particles; either the three particle S-matrix is not Lorentz
iInvariant, or else it violates the cluster decomposition principle.”

(Schroer) An anthology of non-local QFT and QFT on noncommutative spacetime, Bert
Schroer, hep-th/0405105 “ This raised the question whether there exist consistent
relativistic unitary and macro-causal particle theories are all. - - - In particular
these theories fulfill the very non-trivial cluster separability properties of the
associated Poincaré invariant unitary S-matrix; as a result their existence
contradicts a dictum (which is ascribed to S. Weinberg) saying that a Poincaré
invariant unitary S-matrix with these properties is characteristic for a (local) QFT.”
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Relativity and Quantum Theory

* Inertial coordinate systems are coordinate

systems where particles move with
constant velocity.
« Experiments on systems cannot

make an absolute determination of inertial
coordinate system.
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Relativity

» Because solutions of the Schrodinger
equation are In quantum
theory, relativity does require that
solutions of the Schrddinger equation
transform covariantly.

 This is an important difference between the
classical and quantum formulation of
relativistic invariance.

Cluster Propert

ies — p.7/4!



Relativistic Invariance

« Galilean Relativity: X and X' inertial =
|AZy| = |AT;
» Special Relativity: X and X’ inertial =

AZ;1P — AL = |AZ ] — C|AE
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Relativity

« The Michelson-Morley experiment verified
that gives the observed
relation between inertial coordinate systems.

« The most general transformation relating two
iInertial coordinate systems is a Poincaré
transformation:

/
ot — P = A xY + ot

9" = NG 5

Cluster Propert

ies — p.9/4!



Quantum Theory

- States are represented by unit vectors (rays),
), in a complex vector space

(DlY) = Wle)

» The predictions of a quantum theory are the
probabllities

Py = |(o|)|°
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Relativity In Quantum Theory

X - X'

6), [9) — 1), [&)
e

(ol)|* = [(¢'[¥)]°

« Must hold for all |¢)), |¢) and all inertial
coordinate systems X and X’
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Wigner’s Theorem

(ol)]* = [(¢'[¥)]°
e
@) =Ule)  [¢) =Ulp)  (¢) = (¢[9)

or

@) = Alg) ) =Aly) (¢ = (o)
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Wigner’s Theorem

e For rotations, translations, and rotationless
| orentz transformations:

[ — U1/2U1/2 A — A1/2A1/2 — U

» The correspondence between states must be
unitary!

|
¥y = Uly)



Wigner’s Theorem

UN,aYUN a)=UNANNa+d)

« U(A,a) is a unitary representation of the
Poincareé group



Elements of RQM

» Model Hilbert space: 'H

« Unitary representation of Poincaré group:
UANa): H—"H

» Spectral condition: H > 0 U(L,t) = e Ht
 Cluster properties:

im  |[UA, @)—Uy (A, a)@Us(A, )|U (I, dy)@Us (I, ds) )| = 0

|Ci)1—cz’2|—>00



Possible approaches

Covariant wave functions — quasi-Wightman functions.

Covariant constraint dynamics — quasi-Wightman

functions based on first class constraints.

Euclidean relativistic quantum theory - based on
reflection positive quasi-Schwinger functions.

Directly interacting particles (this talk).
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Difficulties

Space Time Diagram

Cluster Properties — p.17/4!



Difficulties
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Difficulties

U\, a) = et 2NG
G,=G! G;e{H P, J K}
Gi, G = 19ixG
Y

P, K] = 10y
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Dynamics

- Galilean Invariant Dynamics {H, P, J, K, M}
By, K] =10, M
 Poincaré Invariant Dynamics {H, P P, J, [?}
By, K| = i0ij(Ho + V)

« Puts non-linear constraints on {H, P P.J [?}
for consistent initial value problem!



The Currie-Jordan-Sudarshan
Theorem

{Xiv Pj} — 5ij

{Xi, Jj} = €ijp X
{X@, K]} = X]‘{Xi, H} world-line condition

- Poisson brackets of {H, P, J, K} satisfy Lie
algebra of Poincarée group.
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The Currie-Jordan-Sudarshan
Theorem

e

* The CJS theorem suggests that it might be
difficult to formulate relativistic models for
systems of interacting particles.

» The out In relativistic quantum mechanics Is
that there Is no position operator!
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Position

- Let |0, 0) be a vector corresponding to a
particle at 7 = 0 at time ¢ = 0







Cluster Properties

— —

K = Kz + Keso) + Kene — 2K
K' K = —iJ° = —iJ;
K' K% =--. 4.

®* Commutator of interacting generators create many-body
Interactions that need to be canceled.

® Result is that either some cluster limits do not exist or quantities
that should survive cluster limits actually vanish.
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Cluster Properties

)\lim GZPB'AGVQG_ZPB')\& =7
—00

Ps = @3 + PF(mo12, P, q) =

lim eﬁ-AaF(mm,ﬁ,@Vu e—iﬁ-/\aF(mom,ﬁ,(jg)
A— 00

—

Vi2, @3] = Vi, P| = 0; V12, m120] # O
4
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Model Hilbert space

Determine a complete measurement

Defi nes a complete set of commuting observables

The model Hilbert space is the space of square summable

functions of the eigenvalues of the complete set of
commuting observables.

|

Adequate to describe results of any experiment
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One-Particle Relativistic
Quantum Mechanics

{Mvja 7A7717"' 7A774} [777,,77]]_ =0
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Two-particle Hilbert space
H:=Hi ®H; Up(A,a) :=Ui(A,a) @ Ui (A, a)

)
GézGi@b-l-h@Gé
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Two-particle Hilbert space

{Mvjanla”' 77747A7717”° 7A774}

Ul(A, a) 24 Ul(A, a) — / Uojmj(/\,a)

D

o(A. o)l (m. ) () = 3 [ 1. il 44D D} (A,
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Two particle Hilbert space

 The form of the Clebsch-Gordan coefficients
depend on choice of vector labels n. There
are an infinite number of choices.

» The two-body m has continuous spectrum; it
IS often replaced by

= :\/k2+m%+\/k2+m§

» Poincaré Clebsch-Gordan coefficients have
multiplicity quantum numbers {d}.
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Two-Particle Dynamics

{ Mo, jo,Mo1s -+ s Moa, Anot, =+ -, Anoa }
|
M=My+V;  0=[V jo| = [V,nu] = [V, Ano]
- Find simultaneous eigenstates of { M, jo. 1o; }

« Can be solved in basis of eigenstates of
{M07 jOv 7702}

e
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Two-Particle Dynamics

(o, j)n, Ad}(m, 7)) = 6(n—n);j:Pm.; (1m0 , {d})

"~
k

N~~~
k

e

U(A, a)l(m,7)n)

S / (m. )Y D™ (A, a)
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2+1-Particle Dynamics

UlZ(Av CL) & U3(A7 CL)
U()(A, a) = U012(A, a) X Ug(A, a)
e

| (mo123, Jo123)M; 1 o))
ViV k] #0, [V {di2}] #0, [V,---]=0

e
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2+1-Particle Dynamics

Mio = Moo + V

M(12)(3) = \/%(12)(3) T miy + \/%(12)(3) +mj3
Y
UlQ(A, Cl) X Ug(A, Cl) (7(12)(3>(A, CL)




2+1-Particle Dynamics

° Ulz(A, a) X Ug(A, a) and U(lg)(g)(/\, CL) give
identical scattering matrix elements.

e Ua(A,a) ® Us(A, a) clusters; combining
different interactions destroys the Poincarée
commutation relations.

* Unay3)(A, a) violates cluster properties;
Poincareé invariant addition of interactions for

different interacting pairs possible in this
representation.



Scattering Equivalences

Al = A" lim {|(1 — A)Uo(L,t)[1h)| =0

t— 100

S(H, Hy) = QY (H, H))Q_(H, Hy)

$
S(H,Hy) = S(H',Hy) & H = AHA
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Scattering Equivalences

« Scattering equivalences A are unitary
elements of a x algebra of asymptotic
constants.

* The x algebra provides a
to construct functions of
scattering equivalences.

« Operators in this x algebra relate
and



Cluster properties < Irreps

(12) ® (3)) ((12)(3)))
(12 3)) - 1(12:3)) & T2)E)1)

scattering equivalence
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Three Particles

M = M@u2y3) + Masy1) + M1y2) — 2Mo + Vit23) =

: -
AT D AwjyMiipo Ay —2Mo + Vgl A




Three Particles

 Result satisfies and

« AIs also a scattering equivalence.

» A and A generate the many-body

Interactions needed to preserve commutation
relations and cluster properties.

« Simplest non-trivial problem is electron
scattering off of three-nucleon system.



Beyond-three

« Construction on previous slide is the first step
In an inductive construction for N particles.

* The input is Poincare Clebsch-Gordan
coefficients, irreducible representations of
Poincaré group, Poincare Racah coefficients
(N > 3), Poincarée Wigner-Eckart theorem
(tensor and spinor operators), and Scattering
equivalences generated by adding interacting
and reducing representations in different
orders.



Beyond-three

* The construction has been generalized to
treat N-particle systems and systems with
limited particle production.

» The requirement of cluster properties adds
new dynamical non-linear constraints for
more than two particles. These require many
body Interactions.

Cluster Properties
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Beyond-three

« U(A, a) implies that spinor, tensor, and four
vector operators are interaction dependent.
These can be constructed using the Poincaré
Wigner-Eckart theorem

» Applications to few-body systems exist.



Outlook

 True production Iis an open problem.

* Need directly
related to both experiment and many-body
problem.

« Use physical particles as degrees of
freedom?

« Use center of momentum energy to control
number of degrees of freedom?
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