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What are wavelets?

They are orthonormal basis functions,

(Gms ) = / i Sm(X)6n(x) = G

They are used in signal processing and data compression
algorithms.

JPEG digital photo files are tables of expansion
coefficients in a wavelet basis.

FBI fingerprint files are stored as expansion coefficients
in a wavelet basis.



Interesting properties of wavelets

The basis functions are related to fixed points of a
renormalization group equation.

The basis functions have a fractal structure, and are not
amenable to standard numerical methods.

Exact expansions of low-degree polynomials at any point
only require a finite number of fractal basis functions.

Wavelet bases are natural for problems where many
scales are strongly coupled (quantum field theory, phase
transitions).



My interest in wavelets?

e The Schrodinger equation for few-body scattering
problems can written in the form

X(x) = B(x)+ / K(x,y)dy X(y) X(x) unknown

where the operator K can be uniformly approximated by
finite-dimensional matrices

N
Zd}m mnwn ) B(X) ~ Z Q!)m(x)bm
m=1
\
N N
Xm = bm + Z KmnXn X(X) ~ Z Qj)m(X)Xm
n=1 m=1

For realistic problems the matrices k., are large (eg.
107 x 107 for three particle systems).



My interest in wavelets?

e kmpn is analogous to a digital photograph of K(x,y).

e By using wavelets for ¢,,(x) can we replace

N
Xm = bm + Z KmnXn

n=1

by an equation with smaller N with minimal loss of
accuracy?



Elementary questions

How do we compute

PYm(x)
bm :/B(X) dx Ym(x)
kmn - /wm(x) dx K(XJ/) dywn(y)

when v¥,(x) is a fractal function?



Scaling functions
(“Father wavelet”)

Operators (unitary)

(Df)(x) = V2f(2x) (TF)(x) = f(x —1).

scale change (1) translation

Scaling equation

2K-1

o) = D3 W T'6(x) / P(x)dx = 1
=0

¢(x) := Scaling function



Renormalization group transformation

2K-1

Flx)=D (> hT'f(x)
1=0

weighted block average

rescaling (1)

The scaling function, ¢(x), is a fixed point
of the renormalization group transformation!



e h; are constant coefficients (called scaling coefficients)
that determine the type of wavelet (we use Daubechies
wavelets).

e K is a finite integer.

e A necessary condition for the existence of a fixed point
of the scaling equation is:

2K-1

Zh,:\fz.

I=1



Daubechies scaling coefficients?

h, constant coefficients satisfying

2K—-1

> - v2
n=0

2K—-1
Z hnhn—2m = 5m0
n=0

2K-1
&n = (—I)nth_]__n Z nmg,, =0 m< K

n=0

Equations fix h, up to reflection, h, — h), = hox_1_,



Daubechies’ conditions on h,

e The first condition is necessary for a solution of the
scaling equation.

e The second condition ensures that ¢(x — m) and ¢(x — n)
are orthonormal.

e The third condition ensures that finite linear
combinations of T"¢ = ¢(x — n) can exactly represent
polynomials of degree < K.



Daubechies’ scaling coefficients, K =1,2,3

h | K=1 | K=2 K=3

ho | 1/v2 | (1++3)/4V2 | (1+V10+ V5 +2110)/16v2
hi | 1/vV2 | 3+ V3)/4v2 | (5+ V10 + 35 +21/10)/16v/2
hy | 0 (3—3)/4v2 | (10 — 210 +2V/5 +2V/10)/16v/2
h; | O (1—+/3)/4v2 | (10 —2V/10 — 2v/5 + 21/10)/16V/2
hy | O 0 (5+ v/10 — 3v/5 4+ 24/10) /16+/2
hs | 0 0 (1+ /10 — V/5 +2V10) /162




Computing ¢(x)

Theorem: [¢(x)] =0 unless 0 < x < 2K — 1
Theorem: K >1 = ¢(x) continuous.

2K-1

=2 Z V2hip(2n - 1).
1=0

>_oln) =
n
Solving above equations gives ¢(n),
n=0,1,2,---,2K — 1.

2K-1

& 2m+1 Z ‘[h’(b —1).

Induction gives exact values of ¢(x) at all dyadic
rationals, n/2™.



Daubechies’ K=3 scaling function

15 ‘




Properties of scaling function ¢(x)

Reality
¢(x) = ¢*(x)
Partition of unity
1= ox-nm= > (T"9)x)

Compact support
#(x) =0 unless 0<x<2K-1
Differentiability (K>2)

do(x)
dx
Orthonormality - scale fixing

(T"¢, T"P) = Omn /gb(x)dx =1

exists for K>3



Approximation spaces

® ¢mn(X) = DmT"¢(X).
® (Pmns Pmk) = Onk (fixed m).

o [ dmn(x dxff Gmn(x) = 0 unless
2-M| < x < 2°M(] + 2K — 1)

e {®mn}n can locally pointwise represent polynomials of
degree < K for each m.

o Vi = span{¢mn}n N L?(R) = “scale m subspace” of L?(R).
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Daubechies-2 Scaling Functions Translated

/|
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Summing Daubechies—2 Wavelets to Represent a Constant Function




Summing Daubechies-2 Wavelets to Represent a Linear Function
T
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Wavelets

Multi-scale decomposition of L%(R)

m>n = V,DV,

L’(R)D - DVp1 DVa D Vp1D--- D0

Vo1 =Va & Wi
U
Vo =Wh1 @Who® - OWiaem ® Vaem
Theorem: lim, ., V, = L?(R)

[*(R) = é Wy =Vn® (é W,,)

n=—oo



Wavelets

W, are wavelet spaces

2K-1

Y(x) = D( Z (=) hak—1-1 T'¢(x))

1=0
¥ (x) is called the “Mother wavelet”

Yni(x) := D" TIQ,Z)(X)

{4y} orthonormal basis for W,



Haar wavelets and scaling functions
(Daubechies K=1 wavelet and scaling function)

]
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W(x)

Daubechies’ K = 3 mother wavelet




Scaling coefficients revisited

support [¢/(x)] = support [¢(x)] = [0,2K —1] .

h; are determined up to space reflection by the requirements

(¢7Xn):O7 n:O,---,K—l (¢>Tm¢):5m0
\

2K-1

Z m"(=)"h_m =0 Z hi—amhi = dmo
1=0

m

2k—1

> h=v2
=1



Properties

¢m(x) can locally pointwise represent polynomials of
degree < K.

¥mn(x) are orthogonal to polynomials of degree < K.

Lz(R) = Wi ®Whr1 @ W, @ Vy



Wavelet Transform: W

W:Vn:Wn_l@Wn—2®"'@Wn—m@Vn—m

Wwwt =1

w fast O(N x m)

Computing W involves m applications of
high and low-pass filters



Haar wavelets and scaling functions
(Daubechies K=1 wavelet and scaling function)

]
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2m
F(x) ~ > capmn(x)
—_f(n/2)

Cnp \/ﬁ n

Wavelet transform W (orthogonal transformation)

/
f(X Z Cm¢mn Z an(Zﬁm I,n )"‘Z Z bmfk,nwmfk,n(x)

n k=1



Wavelet numerical analysis

Integrals involving functions that have simple scaling
properties can be computed exactly from the
renormalization group equation using linear algebra.

Dx" = 23 XN
DO(x) = v20(x)

Dinx =v2In(x) + v21In(2)

(&) =29 (Dr)(x)

Strategy - use unitarity and the RG equation

(x",¢) = (D7'x", D719



Wavelet numerical analysis

Moments

() = (x°,¢) -1

(X = (67, 6) = (D717 0740) = 2772 (™ T'0)
1 2K—1m—1 |
(x™M) g = \[2"7—1 ,23 ;)h,/m o n)!<xn>q5
recursion
4

<Xm>¢a <Xn>¢/m7 <Xn>1lf/m exact



Integration
One-point quadrature
k>1= (x")s = (x)g, n=0,1,2
4
[ 60P(ax ~ P((x"))

exact for P(x) a polynomial of degree 2!

/¢(x)(a + bx + cx?)dx = a+ b(x)4 + C<X>§5



Low-degree polynomials
X" =" cln(x)
n
Expansion coefficients can be expressed in terms of moments.

exact for m < K

7 = (T76.xm) = Y- ()



Smoothness, existence of derivatives

2K-1

B(x) = V2 Y hig(2x— 1)
1=0

\
¢(”) = \@Z Hnm¢(m) Hmn = hop—m

d' d'
Tj(”) =2V2)° Hanj(m)

¢ has | derivatives if H,,, has an eigenvalue \ =27/"2



Computation of derivatives, differential equations

=S = 1= AW e =n i

2K-1

d¢ d¢
(5 )x)=2D" Zh, 5

(8
do do
g(x) (*

90~ 322 o)on()

7¢n)7



Derivatives

dmn d¢mn
o X o X

can be calculated exactly at dyadic rationals, (n/2™).

d¢mk

dx ) (djnl; d¢mk

d¢mk

Uiy (g, Lo

(¢mm

) (¢mn7

)

can all be computed exactly.



Nonlinearities

Gy (X) Py (X) = D T s (x)

n3

I—Zinz = /¢n1(X)¢n2(X)¢n3(X)dX =

2n3+h
Z \/Ehll hIQ hl3 r2n1+ll,2n2+lz

h,h,h

n3 — n3 _ro0
2 :rm,nz - 5"17"2 rn17n2 - rm—n37n2—n3

n3

n3 e
ny,m?



Boundary integrals

2K1

Bm:/ P(x)dx = = Z hiBom—i



Poles

_ 1 _ —1 —1 1

2K-1 2K-1

\fz hy( ¢2n+/, =2 Z hiJant i

)=

large n

]
S | X
3

m=0

m
dx
i7r:/ o = ZJ + boundary terms



Logarithmic singularities

Ly = (¢n,In) = (D ¢, D(—1In) =
1 2K—1

— N hilons —1In(2)
ﬁg 1L2n—1

large n
Ly = In(n) — Z(—1)m<;:,>j

m=1



Moving singularities

/¢m_x ) dxdy =
/ — X¢£x) —dx
X i= [ ool

= nT'o(x) d(x)dx =1
Z' /



Autocorrelation function




Approximations and Wavelet Transforms
Fix resolution n of approximate solution

Vn - Wn_l @ Wn—2 @ e @ Wn—m @ Vn—m
WV, = Whi1@Wp 2@ - @ Whem @ Viem

Wavelet transform W (orthogonal transformation)

/
f(X Z am®Pnm X) Z bm®n— I,m )+Z Z Cnfk,mwnfk,m(x)

m k=1



Sparse matrices

dp ,bna Cnm

w

b,m small if f(x) can be well approximated by degree K — 1
polynomial on the support of ¥, (x).

supp(¢¥nm(x)) C[27"m,27"(m+ 2K — 1)]

WMWT = My + M, IM2|| < €, M; sparse



M, = / Gt (X) Dok () Sron (x)

Application

100 =g+ [ sy

Fa > fadmn(x)

fi=g(x)+ > K, yn)Tkndifn

nk

W = solve = W™ =

F(x) = 8(x) + 3 KO, Yok iy

nk

¥mn(x) never had to be computed!

:m/Z/d

(z)mn

x—lOJr




Required input

e Kernel K(x,y) at one-point quadrature points.

e Driving term B(x) at one-point quadrature points.

e Integrals ", and J; on one scale.






K=3, E=10 MeV, m=7

percent  on-shell value
100 -125.00480
17.78 -125.00480
11.38 -125.00480
6.6 -125.00475
3.76 -125.00269
2.14 -124.99030
1.24 -124.85112
72 -123.82508
.38 -125.25766

on-shell error
0
1.05x10~8
5.14x108
4.49x107
1.69%x107°
.000116
.00123
.00944
.00202

mean-square error
0

2.56x1078
2.44x10°7
1.88x10°6
2.08x10>
.000228

.00217

.0117

.128



Re(T) Im(T)




Conclusion

e Wavelet bases have all of the advantages of piecewise
polynomial (spline) approximations with the additional
properties:

orthonormal basis.

e sparse matrix (even in momentum space).

e wavelet transform automatically finds structure.

e basis functions never need to be evaluated!

e Tested on two-body scattering using integral equations,
differential equations, and time-dependent methods.

o Interesting possibilities for problems that couple many
scales.



Thanks!

Professor Hiller

U. S. D.O.E.



