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Summary

Setting:
Algebra of free scalar fields restricted

to a light front.
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Summary of Results

1. There is a one-to-one correspondence between

kinematically invariant (3 + 1) vacuum states and

Euclidean-invariant path measures D[φ] in two dimensions.

2. For every positive P− that annihilates the Fock vacuum

there is a corresponding positive P− on the Hilbert space

with non-trivial vacuum that annihilates the non-trivial

vacuum.
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Summary of Results

3. For each non-trivial vacuum there is a unitary transformation

that maps to a model with a different light-front orientation.

The condition that the scattering operator is independent of

the orientation of the light front is a necessary and sufficient

condition for Poincaré invariance.
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Kinematic Conventions

x±
n̂ = x0 ± n̂ · ~x ~xn̂⊥ = n̂ × ~x

p±n̂ = p0 ± n̂ · ~p ~pn̂⊥ = n̂ × ~p

x̃n̂ := (x−
n̂ , ~xn̂⊥) p̃n̂ := (p+

n̂ , ~pn̂⊥)

p̃n̂ · x̃n̂ = −
1

2
p+

n̂ x−
n̂ + ~p

n̂⊥ · ~x
n̂⊥
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Kinematic Conventions

fn̂(x) = δ(x+
n̂ )f(x̃n̂)

f̂(p̃n̂) = (2π)−3/2

∫
dx̃n̂e

−ip̃n̂·x̃n̂f(x̃n̂)

f(x̃n̂) = (2π)−3/2

∫
dp̃n̂e

ip̃n̂·x̃n̂ f̂(p̃n̂)
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Light-Front Fields

φ(fn̂) =

∫
dx̃φ(x̃)f(x̃)

[φ(fn̂), φ(gn̂)]− =
1

2
[(f, g)n̂ − (g, f)n̂]

(f, g)n̂ :=

∫
dp̃θ(p+)

p+
f̂ ∗(p̃)ĝ(p̃)
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Key Observation

(f, g)n̂ has a logarithmic singularity at p+
n̂ = 0.

A non-singular [φ(f), φ(g)]− requires test
functions that vanish at p+

n̂ = 0

f̂(p̃n̂) = p+
n̂ ĥ(p̃n̂) ⇒ [φ(fn̂), φ(gn̂)] defined
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Light-Front Free Field Algebra
An̂

A :=
n∑

k=1

cke
iφ(fn̂k) fk ∈ S+

n̂ , ck ∈ C

AA′ :=
m∑

k=1

n∑
l=1

ckdle
− 1

2
[φ(fn̂k),φ(gn̂l)]eiφ(fn̂k+gn̂l)

‖A‖ := [
∑

clc
∗
ke

− 1

4
((fl,fl)+(fk,fk)−2(fl,fk)]1/2
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Light-Front Free Field Algebra

A,A′ ∈ An̂, c ∈ C

⇓

A + cA′, A†, AA′, I ∈ An̂

An̂ = C∗ algebra
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Kinematic Symmetries

f ′
k(x̃n̂) := fk(Λ̃

−1(x̃n̂ − ã))

A′ :=
m∑

k=1

cke
iφ(f ′

k)

α(Λ̃,ã)(A) = A′

• Leads to a unitary representation of the kinematic
subgroup

Vacuum Structures – p.12/27



Irreducibility (Weyl algebra)

U(f) = eiφ(f)

⇓

U(f)U(g) = U(f + g)e
i
2
(Im(f,g)n̂).

• Ensures Hilbert space operators are elements of An̂
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Algebraic Isomorphisms

x → x′ = Rx R ∈ SO(3)

fn̂(x) → fn̂(Rx) = f ′
Rn̂(x

′)

⇓

An̂ → RAn̂R
−1 = An̂′ n̂′ = Rn̂

• Relates light-front field algebras with different light
fronts.
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Fock Vacuum - Fock Space

n̂〈0|e
iφ(fn̂)|0〉n̂ = Vn̂0[e

iφ(fn̂)] := e−
1

4
(f,f)n̂

|Ψ〉 = A|0〉 |Φ〉 = B|0〉

⇓

〈Φ|Ψ〉 =n̂ 〈0|B†A|0〉n̂ = Vn̂0(B
†A) =

m∑
k=1

n∑
l=1

c∗kdlVn̂0[e
iφ(gn̂l−fn̂k)]e

1

2
[φ(fk),φ(gl)]−
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General Vacuum States

〈0|A|0〉 := Vn̂[A]

Vn̂[A + aA′] = Vn̂[A] + aVn̂[A
′] Vn̂[A

†] = V∗
n̂[A]

Vn̂[A
†A] ≥ 0 Vn̂[α(Λ̃,ã)(A)] = Vn̂[A]

lim
m→∞

Vn̂[e
iφ(fm)] = Vn̂[e

iφ(lim fm)]

Vn̂[1] = 1 lim
η→∞

Vn̂[e
iφ(f+hη)] = Vn̂[e

iφ(f)]Vn̂[e
iφ(h)]

where hη(x̃) = h(x̃ − ηd̃)
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Structure of Light-Front Vacuua

Vn̂[e
iφ(f)] = e−

1

4
(f,f)n̂e

∑
inSt

n(f) = Vn̂0[e
iφ(fn̂)]v2n̂[f ]

Kinematic Poincaré covariance
⇓

St
n(f) =

1

n!

∫
dp̃1 · · · dp̃ns

t
n(p1⊥, · · · , pn⊥)×

δ2(p1⊥ + · · · + pn⊥)
∏

δ(p+
i )

f̃(p̃i)

p+
i
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Structure of vn̂[fs]

f̃s(p⊥ ) := lim
p+→0

f̃(p̃)

p+

vn̂2[0] = 1 vn̂2[fs]
∗ = vn̂2[−f ∗

s ] vn̂2[fs(Rz,a)] = vn̂2[fs]

lim
m→∞

vn̂2(fsm) = vn̂2( lim
m→∞

fsm)
∑
ij

aia
∗

jvn̂2[fsi − fsj] ≥ 0

lim
η→∞

vn̂2[fs + hsη] = vn̂2[fs]vn̂2[hs]

where

fs(Rz,a)(~x⊥) = fs(R
−1
z (~x⊥ −~a⊥)) hsη(~x⊥) := hs(~x⊥ + ηn̂⊥)
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Classification of Vacuum
Functionals

Theorem (Bochner-Minlos)

vn̂2[fs] =

∫
D[φ2]e

iφ2(fs)

where φ2(~x⊥) is a two-dimensional
Euclidean invariant field.
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Inequivalent Representations

Theorem
V1[A] 6= V2[A]

⇓

|0〉2 6= U |0〉1
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Structure of P−

• A Fock space P− satisfies:

(P−) = (P−)† ≥ 0 Vn̂0[P
−] = 0

⇓

P−|0〉 = 0

• Commutation relations with kinematic
generators

Vacuum Structures – p.21/27



Structure of P−

• P− is a positive operator in An̂.

• QP−Q is a positive operator on the Hilbert space with
non-trivial vacuum where Q := (I − |0〉vv〈0|),

• Q commutes with all of the kinematic generators

• Pv := QP−Q defines a suitable “P−” on the non-trivial
Hilbert space.
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Changing Light Fronts

An̂′ = RAn̂R
−1

Vn̂′[A′] = Vn̂[R
−1A′R]
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Poincaré Invariance

P−
n̂′ = RP−

n̂ R−1

Theorem: If S is independent of n̂ then

S = Ω†
+n̂Ω−n̂ = Ω†

+n̂′Ω−n̂′

⇓

Vacuum Structures – p.24/27



Poincaré Invariance

A[R] := Ω+n̂Ω
†
+n̂′ = Ω−n̂Ω

†
−n̂′

⇓

U0(R)Ω±n̂ = Ω±Rn̂Uf(R)

Un̂(R) = A[R]U0(R) = Ω±n̂Uf(R)Ω†
±n̂

is the dynamical rotation subgroup of the Poincaré group

(note: the n̂ independence is essential and non-trivial)
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Concluding Remarks

• Candidates for non-trivial vacuua are in 1-1
correspondence with 2-d Euclidean measures.

• Each vacuum constrains the structure of the
interaction.

• Scattering equivalence of dynamics on different light
fronts is equivalent to Poincaré invariance - it relates
the vacuum and dynamics.
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Concluding Remarks

• Non-trivial vacuua may lead to useful framework for
generating phenomenological models.
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