29:5742 final exam
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1. Consider a system of three particles in states ¢1(r1), ¢2(r2) and ¢s3(rs).
Assume that each single particle wave function is normalized to unity and
they are mutually orthogonal.

a. Assume that the three particles are identical Fermions. What is
the form of the unit normalized wave function for this three particle

system?
% (¢1(r1)a(r2)d3(r3) + b1 (r2)da(rs)ds(ry) + ¢1(rs)da(r1)ds(rs)—
¢1(I‘2)¢2(I‘1)¢3(1‘3) - ¢1(r3)¢2(r2)¢3(r1) - ¢1(r1)¢2(r3)¢3(r2))

b. Assume that the three particles are identical Bosons. What is the
form of the unit normalized wave function for this three particle
system?

% ((;251 (r1)¢2(r2)¢3(r3) + ¢1(I‘2)¢2(I‘3)¢3(I‘1) + (;51 (r3)¢2(r1)¢3(r2)+

$1(r2)P2(r1)d3(rs) + ¢1(r3)d2(ra)da(ri) + ¢1(r1)d2(rs)ds(rz))

c. Assume that the three particles are distinct Fermions. What is the
form of the unit normalized wave function for this three particle
system?

¢1(r1)p2(r2) s (rs)

2. Consider a Hamiltonian of the form
H=Hy+ AV

where
Hy = al + bo, V=140,

and I is the 2x2 identity, the o; are Pauli matrices and a, b are constants
and A is a small constant.



a. What are the eigenvalues and eigenvectors of Hy?

_(a+b O
HO_< 0 a—b)

The eigenvalues are a + b and a — b and the eigenvectors are

vn=(g) ws=(1])

b. What is the first order correction to the eigenvalues of H due to V?

a0 (13) ()2 e men(31)(1)

c. What is the second order correction to the eigenvalues of H due to

v?
(0

Since

a+b—a+bd 2b
11 1
Ap(2) = a—b—a—-> ~ 2%

3. A charged particle of charge ¢ and mass m is in a one-dimensional har-
monic oscillator well with spring constant k. At time ¢ = 0 it experiences
an oscillating electric potential

¢(z,t) = —Exe M.
Recall for harmonic oscillators z = \/%(a +al), w = \/%, E, =
hw(n + 1).

a. Assume the particle is initially in its ground state and the field is
weak. Use first order time-dependent perturbation theory to find the
probability for a transition to the first excited state at time t.
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b. Find the frequency, A, that maximizes the amplitude this probability.
A = w gives the largest contribution

c. Assume that the particle is initially in its ground state and the field
is weak. Using first order time-dependent perturbation theory again,
what is the probability for a transition to the second excited state at
time ¢7
This vanishes since (2|(a +a')|0) =0

4. A many Fermion Hamiltonian has the form
H= Z aILenan
n
a. Show that this Hamiltonian commutes with the number operator
N=3 alanm.

T T T

E mnen(a ama an, — aLanal ap) =

Zem al, amcfr +a am —aQ am)(zn—cfr (anal, t +a an—af an)am) =

Z em(a Omn — @ am)an - aL(émn — a;’nan)am) =
Zem a al aman—a al ananm +Zen ala, —ala,) =

= Z em(—al al aman— (—a;'na;fl)(—aman))—i—z en(al an—ala,) =0

b. Show that |1(t)) = ala}|0)fi2 is an eigenstate of H. What is the
eigenvalue of H.

H= Z al enanalal|0) fio = Z alen(anal +ala, —ala,)ad|0) fio =

n

ZEn (a},5p1ab — al,al (ana + aban — a}an))[0) fiz =

(erala} — ezalal)[0) f12 = (€1 + €2)alab|0) fio

eigenvalue is (€1 + €3).
c. Write down the Schrédinger equation for the two-particle state |¢(t)) =
Tal|0) f12(t)

df12( )

iliala}|0) = Hala}|0) = (e1 + e2)ala}|0) f12(t)



d. Solve for fi2(t) assuming that f12(0) = fo

fra(t) = e~ Rlatetf, (o)

5. Let V be a potential the form
k|V|K') = —re @+
a. What is the Born approximation for the transition operator?

12 5
(k|T(];—M +ie)|K') = (k|V|K') = —de 2k

since k2 + (k’)?) by energy conservation

b. What is the center of mass differential cross section in the Born ap-

proximation?
do K% —dak?
i) |- (27T)2uﬁ|<k|T(ﬂ +ie) k') [? ~ (2m) p? R N%e

c. What is the total cross section in the Born approximation. Since the

scattering amplitude is indendent of angles it is enough to multiply
by [dQ(k) = 4m:

or = 4w (27)* u?h? A2edok?

6. Consider the 2 x 2 hermitian matrix

o 2 +2? 2t —ia?
X=( 205 %
1+t T —x3

and let A be any complex 2 X 2 matrix with determinant 1 and let X’ =
AX At

a. Show A defines a Lorentz transformation.
()% —x' - x' = det(X’) = det(AX AT) =

det(A) det(X) det(AT) =1 x det(X)1* = det(X) = (z°)? —x - x



b. Given A how would you calculate the 4 x 4 matrix Lorentz transfor-
mation.

| 1 1 v
o = éTr(a#X’) = iIr(o,uaumf)51&:(0,“4 §V 2¥0, AT)
1 T v
= E iTr(auAa,,A K
which gives

AP, = %Tr(aﬂAa,,AT)

c. Is it possible to find an A that represents space reflection?
Since any A with determinant 1 can be expressed as A = e*? it an be

continuously deformed to the identity using A(\) = e**? and letting
A:1— 0. This means that
1
A, () = iTY(UuA(/\)UuAT(A))

has determinant 1, which is not possible for a space reflection.



