
Phys 5742
Homework 5 - Due Friday 3/1

1. Use the variational method to estimate the ground state energy of the
Hamiltonian of a one-dimensional anharmonic oscillator:

H = 1
2
p2 + 1

2
x2 + λx4

using a trial radial wave function of the form N(α)e−αx2 where α is a
free parameter. Hint: the Gamma function is useful for computing the
integrals.

2. Consider the variational functional

F [|ψ⟩] = ⟨ψ|H|ψ⟩
⟨ψ|ψ⟩

Show that the states |ψ⟩ that make this functional stationaly are eigen-
states of H. Assume that

|ψ⟩ = |ψ0⟩ + δ|ψ⟩

and use lagrange multipliers to fix the normalization.

3. Consider a Hamiltonian that is known to be bounded above and below.
This happens, for example, in systems involving a finite number of spins.
Find a variational principle that gives a lower bounds on the largest eigen-
value.

4. Show that ∫ ∞

−∞
Ai(x− y)Ai(x− y′)dx = δ(y − y′).

5. A particle of mass m experiences a constant gravitational force F = −mg
in one dimension. Find the eigenstates of the corresponding quantum
Hamiltonian.

6. Let X = ctI + x · σσσ be a 2 × 2 matrix where σσσ represents the three Pauli
matrices considered as a vector and c is the speed of light in a vacuum.
Let A be a 2 × 2 matrix with det(A) = 1. Consider the transformation

X ′ = AXA†

a. Show that (cτ)2 := (ct)2 − x · x = (ct′)2 − x′ · x′.
b. Show that sucessive transformation of this type preserve (cτ)2. This

group is called SL(2, C) - it is closely related to the group of Lorentz
transformations, although as in SU(2) both A and −A give the same
transformation.

c. Show that for σµ = (I, σ1, σ2, σ3) that

(ct, x1, x2, x3) = 1
2

Tr(σµX)
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