
Phys 5742
Homework 4 - Due Friday 2/16

Problem 1:
Let U = (Ux, Uy, Uz) and V = (Vx, Vy, Vz) be Cartesian components of

vector operators. Find all components of a rank (l = 2) spherical tensor, T 2
m,

constructed out of the products UiVj . (Hint: consider the structure of Y 2
m(θ, ϕ)))

Problem 2:
Write xy, xz and x2 − y2 as components of a rank 2 spherical tensor. The

expectation value
Q = e⟨α, j, j|(3z2 − r2)|α, j, j⟩

is called the quadrupole moment. Evaluate

e⟨α, j,m|(x2 − y2)|α, j, j⟩

in terms of Q for all m,−j ≤ m ≤ j. (hint: use the Wigner-Eckart theorem).
Problem 3:

Show if Tm
l is a rank l spherical tensor that

[Jx[Jx, Tm
l ]] + [Jy[Jy, Tm

l ]] + [Jz[Jz, Tm
l ]] = l(l + 1)Tm

l .

Hint: Use the infinitesimal form of U(R)Tm
l U†(R) =

∑
n T

n
l D

l
nm(R).

Problem 4: Consider the differential equation(
d2

dx2 − x

)
f(x) = 0.

Show that the Airy function

Ai(x) :=
∫ ∞

−∞

ds

2π
e−isx−is3/3

is a solution to this differential equation. Hint: consider∫
g(x)

(
d2

dx2 − x

)
Ai(x)dx = 0

for arbitrary well behaved g(x).

Problem 5: Let V (x) = F |x| be a one dimensional confining potential. Find
an equation for the energy eigenvalues by using the WKB approximation with
suitable boundary conditions at x = 0.

Problem 6: Use the variational method to estimate the ground state energy
of the Hamiltonian of a one-dimensional anharmonic oscillator:

H = 1
2
p2 + 1

2
x2 + λx4

using a trial radial wave function of the form N(α)e−αx2 where α is a free
parameter. Hint: the Gamma function is useful for computing the integrals.
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