
Lecture 39 20 a
The classical three body problem: perturbation theory

The classical three-body problem is about the stability of the solar system.
Rather than deal with the sun and all of the planets it is useful to first un-
derstand what happens in a simpler problem, called the restricted three-body
problem. This problem considers an ideal solar system consisting of the sun,
Earth and Jupiter. In addition the problem assumes that the inertial mass of
the sun is infinite so it sits at the origin, however it’s gravitational mass is the
mass of the sun. The Hamiltonian for this model is

H =
p2
e

2me
+

p2
j

2mj
− GMsme

res
− GMsmJ

rJs
− GmemJ

reJ
.

If we consider the ratios of the gravitational interactions

VeJ
Ves

=
MJ

Ms

res
reJ
≈ 318

6× 1027

2× 1033
1.5× 108

6.3× 108
= 2.3× 10−4

VeJ
VJs

=
Me

Ms

rJs
reJ

=≈ 6× 1027

2× 1033
7.8× 108

6.3× 108
= 3.7× 10−6

where for the Earth-Jupiter separation I used the difference between the semi
major axes, which gives the maximum strength of the interaction. In both cases
that gravitational interaction between Earth an Jupiter in their current orbits
is small compared to the gravitational interaction between the sun and Earth
or the sun and Jupiter. This suggests that to first approximation it should be
possible to ignore the interaction between Earth and Jupiter.

In this case the Hamiltonian separates into a sum of two Hamiltonians

H = Hes +HJs =

Hes =
p2
e

2me
− GMsme

res
HJs =

p2
J

2mj
− GMsmJ

rJs
.

This is the sum of two Hamiltonians for the gravitational two-body prob-
lem. There are 6 degrees of freedom for each of the above Hamiltonians.
Clearly Hes, J

2
es, Jesz, HJs, J

2
Js, JJsz are 6 conserved quantities in involution.

This means that this is a completely integrable system. From the discussion of
the gravitational two-body problem we know that each orbit is elliptical. The
motion of the system is quasi-periodic, with periods Tes and TJs. With this
approximation this idealized solar system will last forever.

The question is will this persist if we now include the small gravitational
interaction between Earth and Jupiter? What makes this question interesting is
that even though this perturbation is small, the combined system only conserves
the total energy, and total angular momentum, so the original 6 conserved
quantities are replaced by 3 conserved quantities. While previously the orbits
were on 6 dimensional sub-manifold of 12 dimensional phase space, with the
perturbation they are only restricted to a 9 dimensional sub-manifold. The nine
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dimensional sub-manifold is not bounded. The remaining three conservation
laws can be satisfied if the orbit of Jupiter mover closer to the sun and Earth
moves off to res →∞, in which case the solar system becomes unstable.

After the Earth-Jupiter interaction is turned on the two obvious possibilities
are (1) the system remains stable, but the orbits are no longer elliptical (they
remain on a torus) (2) the system is unstable. This problem resisted solution
until the 1950’s. The answers to the question is neither of two obvious possi-
bilities. The key ideas of the solution were suggested by Kolomogorov and the
proof was completed by Arnold and Moser. Their solution is referred to as the
KAM theorem.

Perturbation theory

Since
H0 = Hes +HJs

is the Hamiltonian for a completely integrable system, it is possible to find a
canonical transformation to action angle variables

H0(q,p)→ H0(q(θθθ, I),p(θθθ, I)) = H ′0(I)

where for integrable systems recall the transformed Hamiltonian is just a func-
tion of the action variables.

The full Hamiltonian has the form

H = H0 + VeJ (1)

Since VeJ is small, it is useful write (1) as

H = H0 + εVeJ .

While eventually we will set ε to 1, the coefficients of εn will fall off like the nth

power of the interaction.
The variables θθθ, I are still good canonical coordinates, even if H is not longer

completely integrable. In terms of the initial action angle variables the full
Hamiltonian has the from

H(θθθ, I) = H ′0(I) + εV ′eJ(θθθ, I)

If we can find a canonical transformation to a new set of action-angle vari-
ables satisfying

(θθθ, I)→ (θθθ′, I′) H ′(θθθ, I) = H ′′(I′)

then the original torus perturbed, but it remains a torus, and the orbit remains
stable. We formulate this problem using the method of generating functions.
We seek a generating function

S(θθθ, I′)

where

θ′i =
∂S(θθθ, I′)

∂I ′i
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Ii =
∂S(θθθ, I′)

∂θi
. (2)

Since the interaction is small, this generating function should be a small per-
turbation relative to the generating function of the identity, which is

S0(θθθ, I′) = θθθ · I′.

This suggests and expansion of the form

S(θθθ, I′) = θθθ · I′ +
∑

εnSn(θθθ, I′) (3)

Using this in H ′′ gives

H ′(θθθ, I) = H ′′(I′) = H ′0(I) + εVeJ(θθθ, I)

Expressing the action variables I using (2) gives

H ′′(I′) = H0(∇∇∇θθθS(I′, θθθ)) + εVeJ(θθθ,∇∇∇θθθS(I′, θθθ)) (4)

Using the representation of the generating function (3) in (4) gives

H0(I′ +

∞∑
n=1

εn∇∇∇θθθSn(I′, θθθ)) + εVeJ

(
(θθθ, I′) +

∞∑
n=1

εn∇∇∇θθθSn(I′, θθθ)

)
.

Expanding this out in powers of ε gives

H ′′(I′) = H ′0(I′) + ε (∇∇∇θθθS1(I′, θθθ)) · ∇∇∇IH0(I′) + VeJ(θθθ, I′)) + o(ε2). (5)

The strategy is to try to choose each Sn(I′, θθθ) to eliminate the θθθ dependence.
We see the difficulty by considering the first term in this expansion. Since the
angles θθθ are periodic, we can expand all of the θθθ dependent quantities in a
Fourier series

S1(I′, θθθ) =
∑
m

S1m(I′)eim·θθθ

VeJ(I′, θθθ) =
∑
m

VeJm(I′)eim·θθθ

∇∇∇θθθS1(I′, θθθ) =
∑
m

imS1m(I′)eim·θθθ

Using these expansions in equation (5) gives

H ′′(I′) = H ′0(I′) + ε
∑
m

(iS1m(I′)m · ∂H
′
0(I′)

∂I
+ VeJm(I′))eim·θθθ + o(ε2)

In order to choose the Snm(I′) to eliminate the angle dependence we require
that the coefficient of each eim·θθθ, for m 6= 0, vanish. This leads to the following
expression for the Fourier coefficients of S1(I′, θθθ′):

S1m(I′) = i
VeJm(I′)

m · ∂H
′
0(I
′)

∂I

= i
VeJm(I′)

m ·ωωω0(I′)
(6)
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There are similar expressions for higher order terms. The sum generally runs
over all n-component vectors of integers of both signs.

The problem is that if the frequencies

ωωω0(I′) =
∂H0(I′)

∂I

are rational multiples of each other then there will be a vector of integers m
satisfying

m · ∂H0(I′)

∂I
= 0

which make the denominator of (6) vanish. Since any irrational number can be
approximated to arbitrary accuracy by rational numbers, for any denominator
these are values of m and make that particular denominator as close to 0 as
desired.

This is called the small denominator problem. The conclusion is that the
perturbative series does not make sense where the unperturbed frequencies are
rational multiples of each other. When they are irrational convergence depends
on whether the Fourier coefficients of the potential approach zero faster than
the associated denominators. This is just for the first order term. It is also
necessary to deal with each of the higher order terms.

Lecture 37 20 b
The classical three-body problem: Kolomogorov’s ideas

1. It is clear that the construction of a torus by perturbation theory fails
if the unperturbed frequencies are rational multiples of each other. It
follows that it make sense to restrict considerations to frequencies that are
irrational multiples of each other. The problem is that since the canonical
transformations map I to I′, the frequencies change. Since

dI1 ∧ dI2 ∧ · · · ∧ dIN 6= 0

the frequencies are independent which means that the matrix

∂ωi0(I′)

∂Ij
=
∂2H ′0(I′)

∂Ij∂Ii

has full rank. This means that if we start the perturbation with ωωω0(I)
being irrational rational multiples of each other, then construct the corre-
sponding I′(I), by making small changes ∆∆∆I in the initial condition it is
possible to choose ∆∆∆I so the frequency ratios remain unchanged:

ωωω0(I′(I + ∆∆∆I)) = ωωω0(I)

2. The next step involves how to choose the torus. It is important to control
the size of the denominator in the small denominator problem. The goal
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is to have the numerator get smaller faster than the denominator. The
solution to this problem involves a little number theory.

Let α be irrational. If we use a decimal expansion then

|α− r

s
| < 1

s

This is not profound, it holds for any irrational number. For π we have
the following sequence of approximations

3

1
,

31

10
,

314

100
,

3141

1000
· · ·

where each one satisfies this inequality.

It turns out that it is possible to improve on the decimal expansion. This
can be done using continued fractions

α = a0 +
1

a1 + 1
a2+

1
a3+···

where the an are integers. The an can be determined by setting an+k = 0
for k ≥ 1, solving for an and keeping only integer part of the result. Using
this method the convergence is

|α− rn
sn
| < 1

snsn−1
(7)

which holds for any irrational α.

Applying this method to π gives

π = 3 +
1

7 + 1
15+ 1

1+···

≈ 333

106
= 3.1415094.

In the case above the error is bounded by

1

snsn−1
=

1

7× 106
=

1

742
= 0.001347

while

|π − 333

106
| = .000083 < 0.001347.

While the bound (7) holds for any irrational number, there are many
irrational numbers where the convergence is much faster.

KAM considered irrational frequency ratios satisfying

1

s2
> |α− r

s
| > c

s2.5
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where c is a fixed constant. This choice provides some control over how fast
the denominator goes to 0. It is also necessary to know what percentage
of irrational numbers satisfy this condition.

In order to understand this last step consider rational numbers on [0, 1]
of the form r

s with r = 0, 1, · · · s. Consider the set of all rational numbers
and all irrational number within c

sk
of r

s .

For each fixed k this is a dense open set for any c > 0. The total volume
of this set is less than

Vc =
∑
s

2c

sk
(s+ 1) = 2c

∑
s

(
1

sk−1
+

1

sk
)

which vanishes as c → 0 for k > 2. The intersection of all of these sets
over non-zero c’s has 0 volume, so the complement has full volume. This
means that that the irrational α’s, except on a set of measure 0, satisfy
this condition for some c (otherwise α is in the intersection).

For α in the complement, there must be a c satisfying

|α− r

s
| ≥ c

sk

for any k > 2.

3. While this condition ensures that the denominators do not get too small
to fast, for the torus to survive it is necessary that the perturbation series
converges. Since the denominator grows like sk, which is 2.5 in the KAM
proof. This requires that the terms in the perturbation series must fall
off faster than the contributions from the small denominators grow. In
order prove convergence is was necessary to replace ordinary perturba-
tion theory by a geometrically convergent perturbation theory. Geometric
convergence means that if the first approximation has error ε, the nth

approximation has error ε2
n

. The method used by Kolomogorov, Arnold
and Moser is a generalization of Newton’s method.

The central idea is to use first order perturbation theory, but at each step
use the first approximation as the starting point for the second approxi-
mation.

This is most easily illustrated with an example. Assume that we want for
solve for x satisfying f(x) = 0. We start with a guess, x0, and solve

0 = f(x0) + f ′(x0)(x− x0)

which gives

x1 = x0 −
f(x0)

f ′(x0)

this can be repeated

xn = xn−1 −
f(xn−1)

f ′(xn−1)
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In order to understand the geometric nature of the convergence use the
mean value theorem to write

0 = f(x) = f(xn)− f ′(xn)(x− xn) +
1

2!
f ′′(x̄n)(x− xn)2

where x̄n is between 0 and xn

0 =
f(xn)

f ′(xn)
− (x− xn)− 1

2!

f ′′(x̄n)

f ′(xn)
(x− xn)2. (8)

Using

xn+1 − xn =
f(xn)

f ′(xn)

in (8) gives

(xn+1 − xn)− (x− xn)− 1

2!

f ′′(x̄n)

f ′(xn)
(x− xn)2

(x− xn+1) = − 1

2!

f ′′(x̄n)

f ′(xn)
(x− xn)2

which shows that at each step the error is constant times the square of
the error of the previous step. The errors behave like

ε, ε2, ε4, ε8 · · ·

which converges much faster than ordinary perturbation theory.

To show how this works consider computing
√

5. Let

f(x) = x2 − 5

Lets try x0 = 2. Then

x1 = 2− f(2)

f ′(2)
= 2− −1

4
= 2

1

4

x2 = 2
1

4
− f(2.25)

f ′(2.25)
= 2.2361111

Two iterations gives the approximation:

x22 = 5.00019.

In general for Newton’s method to work the first approximation has to be
good. In the context ot the KAM theorem each approximation generates
a new approximate H0. In Newton’s method the new H0 replaces the
original H0. This is analogous to the Taylor series starting at the previous
approximate solution.
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The final result is that there is a constant c with the property that if the
frequency ratios are in a certain set of full volume and ε < c there is a
canonical transformation that transforms the original torus to new torus,
and the orbit remains stable.

This does not mean that you can tell what is going to happen, but the
KAM theorem implies that probability is 1 that you will pick a set of
initial conditions that that preserve the torus in the limit that ε → 0.
This ignores dissipation and the effects of the other planets.
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