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0.1 Lecture 1:

In this section I discuss infinite dimensional vectors spaces. Most of the
concepts that I introduced last semester on vector spaces apply to both the
finite and infinite dimensional cases.

Infinite dimensional vector spaces are important because they can be used
to reduce the solution of linear differential, integral, or partial differential
equations to problems in linear algebra. While the resulting infinite dimen-
sional systems cannot always be solved exactly, the exact solutions can often
be expressed as limits of solutions of approximate finite-dimensional linear
equations, of the type studied previously. On a computer these approxi-
mate problems involve the inversion of a large matrix or the solution of an
eigenvalue problem.

The solutions of linear differential, integral, or partial differential equa-
tions are functions. The infinite dimensional vectors spaces that contain the
solutions of these problems are vector spaces of functions.

There are different vector spaces of functions that have properties that
are needed to solve a given problem. If I want to construct a function that
vanishes at * = a and x = b, it is useful to express it as a linear combination
of functions that vanish at x = a and x = b.

For example, consider the equation

f(2) = gla) + / K (2, 9)f(y)dy 1)

where g(x) and K(z,y) are known functions, and f(x) is an unknown func-
tion. If we can write

where the ¢, (x) are known functions and f, are unknown complex coeffi-
cients, then the above equation becomes

o9 b o9
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If the functions ¢, (x) are chosen to satisfy the orthogonality condition

/ 6 (2) ()T = b (4)

then multiplying the equation by ¢}, (z) and integrating from a to b, assuming
that we can change the order of the sum and integral, gives the infinite
algebraic system

n=0

where

g = / o (D)g(@)dr Ky = / b (@)K (2, y)on(y)dedy.  (6)

I can attempt to solve this by approximating the sum by the first N terms.
This leads to a linear algebraic equation for the first NV coefficients fo, -+, fy_1.

This example will be studied in more detail later in the semester. It
provides the motivation for why it is interesting to study infinite dimensional
vector spaces.

As a first example of an infinite-dimensional vector space I define the
space C|a, b] to be the space of continuous complex valued functions of a real
variable z on the interval [a, b]. These functions are defined to be continuous
on the entire closed interval, including the endpoints.

It is obvious that if f(x), g(z) € Cla, b] then h(x) = af(x)+g(z) € Cla,b],
for any complex constant «. It is a simple exercise to show that C|a,b]
satisfies all of the requirements needed to be a vector space.

Many infinite-dimensional vector spaces are metric spaces, normed linear
spaces or inner product spaces.

The norm on the space C|a, b] is

Il = sup [f(z)] (7)

z€[a,b]

This is defined for all continuous functions on [a,b]. To show that (7) is a
norm note

LfIF = sup, [f(2)] =0 (8)
leef [l = Sél[lpb]laf(ﬂfﬂ = [l £] (9)



for any complex «,

If +gll = sup |f(z)+g(x)] <

z€[a,b]
sup |f(z)| + sup [g(z)| = [|If]l + [lg]l (10)
z€[a,b| z€la,b]
and
0=|fll= sup, |f(@)| = fx)=0  z€lab] (11)
z€]|a,

The norm (7) is not derived from an inner product. It is not the only norm
that can be used as a “distance function” for the continuous complex valued
functions on |a, b].

An inner product that is defined on the space of continuous complex
valued functions on the interval [a, 8] is given by

(lf) = / 9(2)" f(x)dz (12)

The definition (12) implies (f[g) = (g]f)", (flg + ah) = (f|g) + a(f[h), and
(f1f) = 0.

If (f|f) =0 and f(xg) = ¢ # 0 is not zero for some zy € [a,b] then by
continuity there is a small interval I C [a, b] of finite width ¢ containing x
where |f(z)| > |c|/2. It follows that

b
0=l = [ 1Pz [I@Pe> 0y
This leads to the contradiction 0 > 0 which implies that f(z) must be iden-
tically zero on the interval [a, b].

The function (f|f)'/? is a norm on the space of continuous functions on
[a,b]. This norm is not identical to the norm (7).

One property of finite dimensional vector spaces is that Cauchy sequences
of vectors converge to vectors. In the finite dimensional case the Cauchy se-
quence was used to construct a sum which was shown to converge to a vector.
This is not automatic in infinite dimensional vector spaces. Previously we
defined a vector space as complete if every Cauchy sequence of vectors con-
verged to a vector in the space.

Consider the space of continuous complex valued functions on [a, b] with
inner product (f|g). It is possible to construct a sequence of continuous
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functions {f,} with the property (fn — fulfm — fn) — 0 and m,n — oo
(i.e. they are a Cauchy sequence) with the property that the sequences
converges to a function that is discontinuous. Since the limiting function is
discontinuous, it is not a element of the inner product space. This means
that the space of continuous functions on [a, b] with the inner product (12)
is not complete.

A set of functions with this property are

0 : a<zx<c,_

fal@) =9 o6 ¢ - <T<Cny (14)
1 @ e <z<b
- (b—a)(n—1) — (b—a)(n+1

where ¢,,_ : S Cnt o ). This converges to the step function
that jumps discontinuously from 0 to 1 at the midpoint of the interval [a, b].

This shows that the space of continuous complex valued functions on [a, b]
is not complete in the inner product (f|g) defined by equation (12).

This is a problem if I want to construct solutions of differential or integral
equations by taking limits of solutions of finite dimensional approximations
to a given equation. I need to be sure that the limiting functions are also
vectors in the desired infinite dimensional vector space. This will be true if
the vector space is complete in the inner product.

For example, if the function is a solution to a second order differential
equation, and a sequence of approximate solutions have second derivatives,
we would like the limit to have second derivatives so it can be used in the
differential equation.



0.2 Lecture 2:

If T would like to use continuous functions with the inner product (12) there
are two options. The first is to extend the class of functions in the space
by defining new vectors in the space as Cauchy sequences of vectors already
in the space. One complication is that a given Cauchy sequence may not
converge to a single function. In the above example, the limiting step function
could be defined as having the value 1 or 0 at the midpoint of (a,b). This
defines two different functions that differ at the point x = a + b_T“, but both
of them are limit points of the above Cauchy sequence (14).

Since the difference of any two of the limiting functions is a non-zero func-
tion with a 0 norm, we have a new problem. This can be avoided by defining
abstract vectors as “equivalence classes” of functions or Cauchy sequences
that differ by zero norm vectors. An equivalence relation ~ is a relation on
the set that divides a set into mutually distinct equivalence classes, where
elements in the same class are related by

an~a (15)
a~b — b~a (16)
a~b b~e — an~b (17)

In this case f(z) ~ g(x), or f(z) and g(z) are in the same equivalence class
if and only if
(f=9lf —9)=0 (18)

This method of making a vector space complete by (1) adding all Cauchy
sequences and (2) replacing vectors by equivalence classes of vectors whose
difference has zero norm can always be used to make infinite dimensional
vector spaces complete. In this case vectors are equivalence classes of Cauchy
sequences of functions.
The inner product of a Cauchy sequence {f,} with a vector g is defined
by
{glf) = lim (g|fn) (19)

This becomes a Cauchy sequence of Complex numbers, which does converge
to a complex number. The convergence is independent of g because

[Kalf = Fadl < Mlgllllf = fal (20)



which vanishes independent of g if ||f — f.|| — 0.

This method is perfectly good, but it not popular because a space of
functions has been replaced by a space of equivalence classes of functions.
This means that every operation on a vector has to be checked to make sure
that if maps ever element of one equivalence classes to the same equivalence
class.

There is a second method that is more commonly used to make spaces
complete. In this case the class of functions is enlarged. In order to acco-
modate the larger class of functions it is necessary to use a more general
definition of the integral. The functions have the property that (1) the inner
product (-|-) is defined for all functions in the enlarged class of functions and
it agrees with the previously defined scalar poduct, (-|-), for all continuous
functions.

The first step in this second process is to redefine what is meant by an
integral. The Riemann Integral is defined as a limit of finite sums

[ rade = i Y pa+ 0- 0TS e

In this definition the interval [a, b] is divided up into N smaller subintervals.
The integral is approximated by summing products of the value of the func-
tion at a point in each subinterval multiplied by the width of the subinterval.
With this definition all continuous functions on [a, b] are integrable.

There is an alternate way to define the above integral. Instead of dividing
up the interval [a, b] into small subintervals, it is also possible to divide values
(range) of the function into subintervals. Consider the following definition

n+1

po(22)

b [ee]
n n
x)dr = lim —Volume{z € |a,0| | = < f(z) <
R dim 3 pVohume( € o8] < (0
While this sum is formally infinite, if the function is continuous its value
will range over a finite minimum and maximum value on the interval [a, b],
resulting in a finite sum. The number of terms in the sum will increase with
N.

To make sense of this definition it is necessary to define the “volume” of
a set. It turns out that this is difficult to do in a useful way for arbitrary
sets. The allowed sets should be large enough so the integral defined by (22)
can be used to define the integral of any continuous function.



The problem is that it can be shown that there is no volume function m
that

a. Is defined for all sets

b. Satisfies m(U,A,) =Y. m(A,)  A,NA,=0.

n

c. Is translationally invariant
d. Satisfies m([a,b]) =b—a

To motivate the limited choice of sets note that continuous functions have
the property that the inverse image of any open interval

F~((a,b)) = {zfa < f(z) < b} (23)

can be expressed as a union of disjoint open intervals. This is actually an
alternative definition of a continuous function that is equivalent to the stan-
dard definition with e-¢ definition. I state this problem without proof. This
property will be used to ensure that the modified integral is defined for all
continuous functions.

To limit the class of sets to a meaningful sub class with properties that
permit the formulation of an integral, it is useful to introduce the concept of
a o-algebra of sets. A collection of subsets M of a set X is called a o-algebra
if it has the following three properties

1. XeM
2. Ae M — AA=X —-—Ae M
3. A, € M, n € Zthen U,z A, € M

The identity AN B = (A°U B°)¢ can be used to express intersections
of sets in terms of complements unions. As a consequence of this relation
it follows that countable intersections of elements of a o algebra are also
members of the algebra.

A measure m on a o-algebra M is real function with values in [0, co] that
is countably additive. This means that for disjoint A, € M, n € Z

m(UnAy) =Y m(A,) (24)



The o-algebra of Borel sets of the real line is smallest o-algebra of the
real line R that contains all open subsets of R. This definition implies that
the o-algebra of Borel sets is the smallest ¢ algebra that contains the inverse
image of all open sets with respect to any continuous function.

For homework you will show, using properties of o-algebras that closed
sets and single points are also Borel sets.

Lebesgue measure is the measure defined on the Borel sets of the real line
satisfying Vol((a,b)) = b — a.

The countable additivity can be used to show that Lebesgue measure
satisfies Vol((a, b)) = Vol([a,b]) = b—a and Vol([a,a]) = a —a = 0, so points
have 0 Lebesgue measure.

A function f(z) on the real line is Lebesgue measurable if the inverse
image of open subset of the real line is a Borel set. By this definition all
continuous functions are Lebesgue measurable. Since the class of borel sets
are bigger than the the class of open sets, the class of measurable functions
is larger than the class of continuous functions.

The Lebsegue integral is the integral given by (22) where the volume
function is Lebesgue measure.



0.3 Lecture 3:

The class of Lebesgue measurable functions contains the continuous func-
tions, but is larger than the class of continuous functions. It contains func-
tions that are piecewise continuous, the function that is 1 on the rationals and
1/2 on the irrationals, and many other highly discontinuous functions. The
important property of measurable functions is that they are functions and
Cauchy sequences of measurable functions with respect to the inner product
(6) converge to measurable functions in a sense mad precise by the theorems
below. While the limit may still not be unique, the condition that (f|f) =0
means that f(x) vanishes except possibly on a set of Lebesgue measure zero.
This is sometimes written f(z) = O] which is stated that f(z) is zero
almost everywhere with respect to Lebesgue measure.

What has been gained is that the space of equivalence classes of functions
that differ at most on a set of Lebesgue measure zero and are square integrable
with respect to Lebesgue measure are complete with respect to the inner
product (6). I state the three key important properties of the Lebesgue
integral:

Monotone Convergence Theorem
a. fn(x) measurable
b. fu(z) — f(x) each x
c. fo(z) < fryi(x) each x

d. [|fu(z)|de < C alln

f(z) is measurable
J1f(x)|dz < 00
limy, oo [ [f(2) = fu()|dz =0
Dominated Convergence Theorem
a. fn(x) measurable

b. fu(z) — f(x) each x



c. folz) <g(z),all ; [|g(x)|dr < oo

4

a. f(x) measurable

[ 1f(x)|dz < 00
o 1 (2) — fu(e)ldz = 0

Define the LP(R) spaces as normed spaces of Lebesgue measurable func-
tions with the LP norm given by

1l = | / (@) Pda) (25)

The proof that this actually defines a norm is not obvious for p # 2. It uses
a generalization of the Schwartz inequality called Jensen’s inequality. The
argument can be found in Real and Complex Analysis by W. Rudin in the
reference list. The theorem also applies if the interval is restricted to a sub-
interval of the real line or if the integral includes a positive weight function
dx — w(x)dx.
Riesz-Fischer Theorem: The L? spaces for (1 < p < oo) are complete
normed linear spaces. The Riesz-Fischer theorem can be proved from the
monotone convergence theorem which follows the dominated convergence
theorem. The proof of these theorems can be found in any graduate level
text om mathematical analysis. They are consequences of the definitions
above, and also hold for more abstract measure spaces. The important thing
is that the Riesz-Fischer theorem provides a large class of complete functions
spaces.

It is useful to include a positive weight function in the definition of these
spaces of Borel measurable functions

LP(R, w) = {f(@)[[[pf]l = [/ |f (@)[Pw(@)dx] P < oo (26)

When p = 2 the space L?*(R,w) is a complete inner product space or
Hilbert space with inner product

(flg) = / £ (@)g(@yw()da (27)
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A final important result, which I state without proof, is that measurable
functions that are bounded except on sets of measure zero can be approxi-
mated by continuous functions in the sense that |c(x) —m(z)| < € except on
sets of measure < ¢, where ¢(x) is continuous and m(z) is measurable.

In this section I discuss some properties of complete inner product spaces
or Hilbert spaces. In what follows the integrals will always be assumed to
be Lebesgue integrals and functions will be equivalence classes of Lebesgue
measurable functions that differ only on sets of zero measure.

A set of complex valued functions {¢,(z)} on [a,b] are orthogonal with
respect to a positive weight w(x) if they satisfy the orthogonality relations

(Gl ) = / ()8 ()b () = By (28)

Here a and b do not have to be finite.

We want to investigate when a set of orthonormal functions is a basis or
spans a Hilbert space, H.

Let |¢,) be an orthonormal set of functions and let |v) be an arbitrary
vector. Define

[on) =Y [én)ean (29)

with
<¢m|v> =Cm (30>
It follows from the definitions that
N
(vlon) =Y |{dnl0)]? (31)
n=1

Applying the Cauchy-Schwartz inequality to (31) gives

[(wlon)? < {vlo)(onlow) = (v]o) Y [(galv)]? (32)

Combining (32) with (31) gives

[{vlow)| < (vlv) (33)

11



or equivalently
N
D leal < (vlo) (34)
n=1

This inequality is called Bessel’s inequality. It says that the sum of the
squares of the first IV expansion coefficients is alway less than or equal to the
square of the norm of the vector.

Next I give a definition of a basis for infinite dimensional vector spaces.
The problem in infinite dimensional spaces is that if one basis vector is re-
moved from an infinite set, the remaining set of vectors is still infinite, but
not necessarily a basis. This means that if we keep adding orthogonal vector
to a set, the limiting set is not necessarily a basis.

Definition: A set of orthonormal vectors, {|¢,)}, is a basis for a Hilbert
space H if and only if the only vector orthogonal to all of the |¢,) is the zero
vector.

Let |v) € H be arbitrary and consider the partial sums

[on) =Y |n) (6n]v) (35)

Consider the norm of the difference of the partial sums for M > N terms.

lvar) = low) 11> = (oarloar) = (nloa) — (oarlow) + (onlon)  (36)
Note that for M > N
(on|oar) = (vmlon) = (on|ow) (37)
o (36) becomes
(ourloar) = (onlon) = D [{(Galv)? (38)

Since the right hand side of Bessel’s inequality is independent of N it follows
that

o0

> [{galv)|* < o0 (39)
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which means that the coefficients | (¢, |v)|* are a convergent sequence of num-
bers. This implies that the difference in (36) converges to zero and the se-
quence of vectors {|vy)} is a Cauchy sequence of vectors. Since by definition,
the Hilbert space is complete, the infinite sum

[w) = lim Jox) =D |6n)(dulv) (40)

converges to a vector |w) € H.
Next consider the difference

u) = |v) = |w) (41)

There are two possibilities; either |u) is the zero vector or it is not the zero
vector.
If |u) is not zero then

(Pm|u) = (Pm|v) = (Pm|w) = (Pm|v) = (Pm|v) =0 (42)

which means that there is a non-zero vector orthogonal to every element of
the orthonormal set. When this happens {|¢,)} cannot be a basis.

Conversely, if this set is a basis, the vector |u) must vanish for any choice
of |v) € ‘H which implies

[0) = D 16u){(dalv) (43)

It follows that

(vlo) =D 1{ulv)” (44)

in which Bessel’s inequality becomes an equality for every vector in ‘H. Equa-
tion (44) is called Parseval’s relation.

This shows that a condition for completeness is for Bessel’s inequality to
be an equality for all vectors. If is fails to be an equality for 1 vector the
orthogonal set is not a basis.

When {|¢,)} an orthonormal basis then the what we have shown that
any vector in the Hilbert space has the form

v) = Z |[Pn)cn (45)
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where .
Z cn]? < 00 (46)
n=1

The infinite collection of numbers ¢, are the coordinates of the vector |v) in
the basis |¢,,)

In this representation the components of the sum two vectors or the prod-
uct of a vector and a complex scalar are the sums of the individual compo-
nents or the product of each component by the scalar. In both cases if the
original coefficients satisfy (46) then the new vectors will also satisfy this
condition.

The abstract requirements for an infinite set of orthogonal vectors to be a
basis are interesting, but they are not of real practical value. In applications
it is alway important to work with an explicit set of functions that are known
to be a basis.

It turns out that for the Hilbert space of measurable functions on a finite
interval [a, b] that the polynomials

On(x)=2" n=0,1,2--- (47)

are a basis. While these are not orthonormal functions, they can be used to
construct an infinite orthonormal set using the Gram Schmidt method.

The theorem that we will prove is even stronger. It is called the Weier-
strass approximation theorem. The statement of the theorem is
Theorem: (Weierstrass Approximation Theorem) Let f(x) be a con-
tinuous function on the finite interval [a, b]. Then for every € > 0 there exists
an integer n > 0 and a polynomial p,(x) of degree n with the property that

> (@) = pala)] <€ (48)

z€la,b]

This theorem shows that the approximation holds on the space Cla, ]
with its natural norm. Formally this means that the approximation is point-
wise.

Pointwise convergence implies L*(R) convergence and more generally
LP(R) convergence. Because Cauchy sequences of continuous functions can
be used to construct the measurable functions in L?([a, b]), if we let f(x) be
measurable, for every € > 0 we can find a continuous function ¢ (z) satisfying

lec = £l <5 (49)
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Since ¢, is continuous we can find a polynomial of sufficiently hight degree n

SO
€

||Ce _an < 9 (5())
Using the triangle inequality
Ipn = fll = llpn — ce+ce = fl <
€ €
[pn —cell +llce—fIl <5+ =¢ (51)

2 2

Since € is arbitrary, we see that the convergence also applies to measurable
functions with respect to a Hilbert space norm. The means that the polyno-
mial are also a basis for L*(R) (and LP(R)).

Note however with measurable functions the sup norm of the difference
between the polynomial and the measurable function does not have to be
small. For example the function could have very different values on sets of
measure zero or sets of very small measure.

I also note that the Weierstrass theorem the key tool in the infinite-
dimensional generalization of the proof that normal linear operators have
complete sets of eigenfunctions. This is called the spectral theorem. It is
used all the time in quantum mechanics,
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0.4 Lecture 4:

The trick for proving the Weierstrass theorem is to construct very sharply
peaked polynomials that integrate to 1 on [a, b].

[ start by transforming the interval [a,b] to an interior subinterval of the
standard interval [0, 1] using

Y= [z —a)(1— o)+ (b—a)o] (52)

b—a

where 1 >0 > 0. In this case s =a — 2/ =032 =b — 2’ = (1 —0). The
problem reduces to finding a polynomial approximation that is accurate on
the interior subinterval.

Next we extend the function g(z’) := f(x(2')), which is defined and
continuous on the subinterval [0,1 — o], to a continuous function on all of
[0, 1]. This can be done by setting f(x) := f(o) forz < o and f(z) = f(1—0)
for x > (1 — o).

It is sufficient to show that g(x) can be pointwise approximated by a
polynomial on the interior interval [o,1 — o].

Let 1 > 6 > 0 and define the functions

A,(8) = / (1— ) dy (53)

To prove the Weierstrass theorem I will need the result

lim An(0)

Jim 225 =0 (54)

To show this note

A,(8) = / L)y < (1- 81 -8)<(1-&)" (55

and . . .
A, (0) := 1 —y?)"d >/1— "dy = 56
(0) /0( y)y_o( y)'dy = (56)
Using these together I get
An(9) 2
< D1 —=6%)"
T <D= (57)



which vanishes as n — oo for 0 < § < 1.
The desired Weierstrass polynomial approximation to g(z) is

1 1 1 -z
s [, A= = s [ G li—yay
(58)
By inspection it is clear that this is a polynomial of degree 2n in the
variable x.
Pick any € > 0 and choose ¢ so for |z —y| < §

Pgn(.l’) =

lg(z+y) —g(x)] <e€ (59)

This can be done because the interval is closed and bounded. The proof this
statement is non-trivial and is based on a compactness argument.
Consider

11—z

where without loss of generality I can always choose ¢ small enough so that
<.
We estimate all three integrals

where

-5
)= gl [ oo+ a—ra) <
-5
gl [ (==

1 €T
a A /) |[Ymaz 1-— 2nd <
il [ (1=l <

Au(9)

(62)

and

gy +z)(1 —y*)"dy| <
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f(()ﬂgmaﬂ/é _x(l - y2)ndy| S
|gmax|2j4#((50>)| — 0 (63)
and
[ I(n)] := gyt o)1 - y?)'dy| <
i \/ 2)+ gy -+ ) — g(e)(1— )y <

6
) Alo [ a—ras gl [ oo - o@la - 2ra <=

/ / J(1—y? )"dy+ 5y I/ lg(y+2) —g(z)|(1—y*)"dy| <=

A,(0) =24 (5) e 24,(0) — 24,(5)
o) 24,(0) 24,(0) 2A4,(0)

This has the form g(z) + e+(terms that vanish as as n — o0). This means
that

(64)

| Pon(2) — g(2)] (65)

can be made as small as desired by choosing ¢ small enough and n large
enough. This completes the proof of the Weierstrass theorem

What we get from the Weierstrass theorem is an explicit basis for all of
the L? spaces of functions on a finite interval [a, b]. These are well understood
functions that can be used in explicit computations. On L?([a, b]) these basis
functions can be replaced by orthogonal polynomials using the Gram Schmid
method. The orthogonal polynomials defined this way on the interval [—1, 1]
are proportional to the Legendre polynomials (to be discussed later).
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0.5 Lecture 5:

Now that we know that the orthogonal polynomials are a basis for a number
of function spaces, it is useful to discuss properties of orthogonal polynomials
with different choices of weight functions.

While in principle it is possible to start with any positive weight function
w(z) on the interval [a,b] and construct orthogonal Polynomials using the
Gram Schmidt method, there is a special set of orthogonal polynomials, called
the classical orthogonal polynomials, that arise in many physics applications.
These polynomials are all constructed using similar methods.

These polynomials are constructed using the following formula, called a
generalized Rodrigues formula:

L
w(z) dzm

Cn() = (w(z)s"(x)) (66)

where
(1.) s(z) is a polynomial of degree < 2 in x with real roots.
(2.) Ci(z) is a polynomial of degree 1 in .
(3.) w(x) is a positive weight function satisfying w(a)s(a) = w(b)s(b) = 0.

We will show that the functions C),(z) are orthogonal polynomials on the
interval [a, b] with weight w(z), i.e.:

/ w(x)Cy(2)Cr(z)dr = Kpbnm (67)

where K, is a positive normalization constant, These can be made orthonor-
mal by replacing C,(z) by Cy(z)/VE,

In addition to naturally appearing in applications, classical polynomials
of high orders are easily generated by computer.

In what follows all of these properties will be established. I begin by
considering consequences of the assumptions above.
(1.) The Rodriguez formula applied to C(z) implies

w()
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This equation can be written as

dw(x) B ds(z), _
5 s(@) = w(@)(alz) - — =) = wz)prz(2) (69)

where pr<i1(z) is a polynomial of degree one or less. This is because C(x)
has degree 1 and s(z) is of degree two or less.

P ) = wiepar (o) (10
(2.) Next consider
(@) (pzile)) =

ds(z)

s"(2)p<p(w) + nw(z)s"(z) o

p<k(z) +w(x)s" (x)

a1 (dw(x)

dxm—1 dz

dpgk(x))
dx

(71)
Next factor w(z)s"1(x) out of the () using the result of (1.) to get

A (v @ @patn) + 1 ) + 0 22 )
(72)
which has the general form
(@) @) = o (@) @pen(@) | (73)

Continuing, using mathematical induction it follows that if this is repeated
m < n times gives

dm

dzm

(w(z)s"(z)p<k () = w(x)s" "™ (€)p<rim(x) (74)

(3.) Next note that for m < n equation (2.) implies

A

e (w(z)s"(z)p<i(x)) =0 r=a or b (75)

This follows because a factor of w(z)s(z) can be factored out of the right
side of (??) when m < n.
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I use these three results to show that the C,,(x) are (a.) polynomials and
(b.) mutually orthogonal.
First note that equation (74) with £ = 0 and m = n gives

1 w1
T (w(w)s" (@) =

Cn() = w(z)s(2)p<n(@) = p<alz)  (76)

w(x) w(x)

which establishes that C,(x) is a polynomial of degree no higher than n.
Next I observe that for n > m

1 d”
—>Pm(x)w(x)w

w(z

b b
/C’n(:c)Pm(:L')w(x)dx:/ (w(z)s"(x))dz  (77)

Integrating by parts, using w(a)s(a) = w(b)s(b) = 0 gives

| cwpa@uar= ) [ DL @@ 0

a

Repeating this n — 1 times gives

b d"P,, ()

e w(z)s"(x)dr =0 (79)

b
| G Paaueds = -
because n > m. This shows that C,(z) is orthogonal to all polynomials
of degree m < n. Since C,(x) has degree no more than n it must be a
polynomial of degree n.

This shows that C),(x) are indeed orthogonal polynomials on [a, b] with
weight w(z).

The requirements on the classical orthogonal polynomials are somewhat
restrictive. In fact they are so restrictive that it is possible to classify all of
the classical orthogonal polynomials.

I start with the case that s = k where k is a constant. Then the Rodrigues
formula for C}(x) becomes

¢+ e = Oy (z) = w(lx) %(kw(x)) (80)
This gives
4 In(w(z)) = a4y (81)
iz E R



and

w(zr) = exp(2c—2kx2 + %x + ¢o) (82)

This function will vanish at z = d-0o provided that 5= < 0
By completing the square in the exponent and rescaling the resulting
variable I reduce the general case to

s=1 w(z) =e" a=—00 b= +o00 (83)

The corresponding orthogonal polynomials are called Hermite polynomials.
They appear in solutions to the three dimensional quantum harmonic oscil-
lator. The polynomials satisfy

/ H,(x)Hy(z)dx =0 m#n (84)
Next I consider the case that s(x) = ky + kox. In this case the Rodrigues

formula for C}(z) gives

¢+ cr = Ch(x) = w(lx) %((k‘l + koz)w(x))) (85)

This can be expressed as

1 —k2+cr  din(w(r))
k‘l + k’gl’ N dzx (86)

The left side of this equation can be written as

C1 —k2+62/k2(1€2$+k1) —02]{31/]{72 o 9 C1 —]{72 —02]{71/1{?2 dln(w(x))
]{31 + /{321’ N ]{32 ]fl + ]CQLL’ dx

Integrating both side of this equation gives

Co ¢ — ko — C2k1/k2 In

° 5 (ky + ko) = In(w(x)) + ¢ (88)

Evaluating the weight function gives

c1—kop—cokg/ky

w(@) = (b + ko) Fa et BT (89)
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In this case s(x)w(z) = 0 requires x = —k;/ky with % > —1 and
x=001if ¢y/ky <0 and z = —o0 if ¢ /ks > 0.
By suitable transformations I can put this in the form

w(x) =e "z¥ v>—1 s(x)=2 a=0,b=00 (90)
The corresponding classical polynomials are called the Associated Laguerre
polynomials. These polynomials appear in the wave functions for the Hydro-
gen atom.
The last case is when s(x) = ko(z — k1)(xz — k2). The Rodrigues formula
for Cy(x) gives

1 d
1+ Ccx = w%(w(@%@ —k)(x — ko)) =
W%@ k) (@ — ko)) 4+ oz — k) 4 ho(z — k1) (91)

This can be written in the form

(c1 + koky + koka) + x(ca — 2ko)  dIn(w(z))
k’o(!L’ — k’l)(l‘ — /{32) N dx

(92)

To compute this we use the rational function expansion that we proved last

semester:
(Cl + ko]ﬁ?l + ko]ﬁ?g) + SL’(CQ — Qko) o

]{70(1’ — kl)(l’ — kz)
(Cl + k’ok‘l + k‘ok‘g) + k’l (62 — 2/{30) 1

+
k’o(k’l — k’g) Xr — k‘l
(Cl + kol{il + /{30]{32) + /{32(02 - Qko) 1 (93)
k’o(k’g — k’l) (1’ — k’g)

Integrating both sides of this equation gives

(Cl + k‘ok’l + k’ok’g) + k’l (62 — 2/{,‘0)

Fo(kr — k) (@ = k1)+
(1 + kok1 + koks) + ko(ca — 2ko) -
ok — ky) In(z — ky) = In(w(z)) +di  (94)

If we define
(Cl + /{30]{71 + ko]ﬁ?g) + kl(CQ - 2/{30)

ko(k1 — k2)

V=
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(Cl + /{30]{71 + ko]ﬁ?g) + kQ(CQ - 2/{30)

vy = Folks — ) (96)
then
w(z) = e M (x — k)" (x — ko)™ (97)
Note that
w(z)s(z) = e M (x — k)T (2 — k)2 ™! (98)

vanishes at k; and ko provided vy, 15 > —1
In this case the corresponding orthogonal polynomials, P¥**? are related
to the Jacobi Polynomials, which are associated with k1 = —1 and ko = 1.
There are several special cases of the Jacobi polynomials:
p=rs=XA—1 Gegenbauer CMz)
p=vy =0 Legendre P,(x)
= Vg = —% Tchebichef 1st kind T, ()
[ = Uy = % Tchebichef 2nd kind U, ()
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0.6 Lecture 6:

The classical orthogonal polynomials often arise as solutions to ordinary dif-

ferential equation. Because of this it is useful to recognize the form of the

differential equation satisfies by each of the Classical orthogonal polynomials.
To derive the differential equation start with

I w@st) |~ @)s(a) 7 Pria(e) (99)
Pn_1(z)

The polynomial on the right hand side of this equation can be expanded
as a linear combination of the C,,(x) for m < n. I write this as

Paria( Z A Con( (100)

First I show that \,,, = 0 unless m = n. To do this multiply the above
expression by C)(x) with [ < n and integrate from a to b:

/ L (w(w)s(x)d%ix)) s

_ Z / ) A Con () = A K (101)

where
K, ::/ w(z)C? (x)dx (102)

Integrate the left side of the above equation twice by parts, using w(z)s(x)
vanishes at the endpoints, to get

/ab % (d%a(f)w@%(w)) Ch(z) = du

/ w(z)P(x)Cy(x) = dx (103)
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which vanishes unless [ = n. This leads to the differential equation

1 d
w(z) dr

[s(x)w(:v)dcéix)] + XA Cr(z) =0 (104)

In order to obtain the explicit form of this equation I need to determine the
coefficient \,,,,.

First note
1 d

Ci(z) = o s@w(z)). (105)

 w(z)

Using this in the differential equation gives

_ isxwxdcn(x) z) =
O_w(:c)da: { (z)w(z) dx } + Aun ()
s(2)2 g;z(x) + O (2) d(’;’;f) + AnCh(2) = (106)
If
Cp(2) = kpn2™ + kpp_1z™ 4 -+ (107)

then comparing coefficients of " gives the relation

1 d?s(x)
N dp? n(n — 1)knn + nki1knn + Anknn (108)
which gives
n(n —1) d*s(x)
—Ann = nkyy + 5 T3 (109)
d?s(x)

where because s is at most second degree, is a constant independent of

x.

dx?

This gives an explicit expression for all coefficients in the differential equa-
tion in terms of s and leading coefficient of Cy(z).
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0.7 Lecture 7:

While the classical orthogonal polynomials can be computed using the Ro-
drigues formula, they can be computed very efficiently using recursion rela-

tions, which are satisfied by all orthogonal polynomials.

To formulate the recursion relations we assume the normalization

/ w(z)Cp(x)Crp(z)dz = S,

and
Cn(I) - knnxn + knn—lxn_l +p§n—2(z)

Using these relations it follows that

Cn—l—l(x) = kn—i—1n—l—1$n+1 + kn—l—lnxn + pgn—l(x)

I can cancel off the coefficient of ™! by taking the difference

kn n a
Cpya(z) — ﬁxcn(x) =P<n = Zan+1,lCl(x)
=0

k’l’LTL

(110)

(111)

(112)

(113)

Multiplying by C,_1(z)w(z) and integrating from [a, b] using the orthog-

onality relations (110) gives

kn n "
—% / w(2)2Cp(2)Cr—y ()dT = apyin_1

Since

kn_1n—
an—l(x) = kl ICn(x) +p§n—1

the above integral becomes

a o kn—i—ln—l—l kn—ln—l
n+ln—1 — —
knn krm

The coefficient of 2™ in Equation (113) gives the relation

kn+ln+1
knn

n n n
kn—i—lnx - knn—lx :an—i-lnknnx

or
kn+ln+1 knn—l )

1
Ap+tin = ]{5— <kn+1n - L
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This gives the relation

Chpi1(z) = (Apz + B,)Cph(x) — D,C,_1(x) (119)
where k:
A n+1n+1 (120>
]‘ n n knn
n = k’— ( n+ln — + ]:21 1) (121>
k
n+1n+1 n—In—1
= 122

where in these recursions relations the normalization is assumed to be 1.
Similar relations hold with more general normalizations.

Equation (4.54) can be used to generate all of the orthogonal polynomials
in terms of the first two.

The differential equations are uesful for recognizing when certain calssical
orthogonal polynomials arise a solution of dynamical equations. The recur-
sion relations are useful for generating the different orthogonal polynomials.
Both the recursion relation and diferential equation need explicit expressions
for the coefficients of the leading two powers of x:

Cp(2) = kpn@™ + kpp_12™ "+ -+ (123)

These can be determined directly from the Rodrigues equations. They are
given on page 212-214 of the text, along with the standard normalizations.

As discussed previously the orthogonal polynomials are a complete set of
functions on the Hilbert space of square integrable functions with weight w

(flg) = / w(a) f*(c)g(x)dz (124)

(Technically the Weierstrass theorem does not apply to the Legendre or Her-
mite polynomials, however they can also be shown to be complete using a
different proof.)

To use these bases I need to know how to express arbitrary vectors in this
basis (in what follows I assume that the polynomials are orthonormal)

ZP NP f) (125)
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where
(Plf) = / w(@) P2 (@) f(2)de (126)

In practice the infinite sum in truncated. This is usually reasonable be-
cause of the Parseval relation, which ensures that sum of the squares of the
discarded coefficients gets small as more coefficients are retained. There is
still the matter of computing the inner products (126) involving the retained
basis functions.

In practice these integrals cannot be done analytically for an arbitrary
function. The need to be approximated. There is a class of approximations
that are closely related to orthogonal polynomials with a given weight.

To motivate the problem of Gaussian Quadrature let w(x) be positive
weight function on the intervale [a, b]

Problem: Find N points {z;} and weights {w; } such that for any polynomial
of degree 2N — 1

/ w(z)P(z)de = Pla,)w, (127)

Before I discuss the solution of this problem I discuss how these quadra-
ture rules can be used. Assume that f(z) is a function representing a vector
in the Hilbert space. Assume that f(x) can be accurately approximated by
a polynomial of degree N. Let {z,} and {w,} be the points and weights for
an N point quadrature with weight w(z). Then

(f1Pn) = / w(x) Py () f(x)de = Y wpnf (@) Palam) (128)

This formula is exact if f(x) exactly a polynomial of degree N.

To construct the points and weight associated with a given weight func-
tion w(z) begin by assuming that the {z,}Y_, are known and define the
polynomial

Py(z) = [J(& = 2,) =D paa” (129)

By construction the points {x,} are roots of Py(z):
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Define
Qm = Py(z)z™ m=0,---,N—1 (131)

Since Py (z) can be factored out of each @,,(x) the points {z, } are also roots
of each @,,(x):

Qm(x,) =0 n=1---,N, m=20,---,N—1 (132)

To find the desired quadrature points require

b N
/ Qu(@)w(z)dr = Qu(zn)w, =0 (133)

or equivalently
b
/ w(z)Py(x)x™dx =0 (134)

Using the expansion for Py(x) = > p,a™ I can write

N b
0=> pn / 2" () da (135)
n=0 a

It follows from (129) that py = 1 so this becomes a linear system for the
coefficients of the polynomial Py (z):

N-1
n=1
where ,
L = / 2" w(z)dz (137)
b
G = —/ N (x)dx (138)

The coefficients p,, can be determined by solving the linear system (136).
The zeros of this polynomial are the quadrature points.

To connect this with the discussion of orthogonal polynomials note that
the equation

/bw(x)PN(x)xmdx =0 m=0---N—1 (139)
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means that up to an overall constant multiplier, Py(x) is the degree N or-
thogonal polynomial on the interval [a,b] with weight w. Thus the points
x,, are the roots of the degree N orthogonal polynomial on [a, b] with weight
w(z).

Given the quadrature points is it still necessary to calculate the weights.
To do this define the polynomials

Hm;én(x — Tm)

L,(z) = [ (o — )

Lo (Zm) = n (140)

Using these polynomials

/ w() Ly (2)d2 =Y wpLon () = D Sunto = Wy, (141)

which gives the integral expressions for the weights

w, = / w(@)Ln(z)dx (142)

By accurately performing the integrals (142) once , and computing the
roots of Py(z) is it possible to accurately integrate a large class of function
on [a,b]

While roots and weights still have to be evaluated, there exist standard
subroutines and tables that give the points and weights for Gauss quadratures
associated with all of the Classical orthogonal polynomials.

The most common of the quadratures is the Gauss-Legendre quadrature.
In this case the quadrature points are the zeros on the N-ht Legendre polyno-
mial. It is associated with the weight w(z) = 1 on the interval [—1, 1] It can
be linearly transformed of any other interval. To integrate functions that are
not well-approximated by polynomials, it is possible to break the domain of
integration into subintervals, where Guass quadrature methods are applied
to each subinterval.
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0.8 Lecture 8:

The Miintz-Szasz Theorem: Let 0 < A < Ay--+- < 00 and consider

{1,tM #* ... }is dense in the continuous functions on [0, 1] if an only if
P (143)
n=1 >\n

Obviously > % = oo which is consistent with the Weierstrass theorem.
What is interesting is that this inequality is still satisfied if we remove any
finite subset of the 2™’s from the basis set. For example the odd or even
polynomial are separately dense on |a, b|.

This result does not apply to orthogonal polynomials, which is clear from
the definition of basis. It is special to the infinite dimensional case.

I will outline the proof of the result, only because is uses properties of
analytic functions derived last semester.

To prove the Miintz-Szasz theorem I observe that if the set of functions
{z*»} are not a basis, then there is a continuous function ¢(z) such that

/0 1 g (x)dr = 0 (144)

for all n.
By contradiction I assume that a non-zero ¢(z) satisfying (144 ) exists.
For that function I define

fo(z) == / t*o(t)dt z=x+ 1y (145)

0

Note that

g In(t) _ t:ctzy — e ln(t)eiyln(t) _ t:ceiyln(t) (146)

For z > and t € (0, 1]

lim |6x In(t) eiy 1n(t)| — 6—:(:| In(t)] _ 0 (147)
t—0

It follows that t* is analytic in the right half plane and

t7] = 1% = ") < 1 (148)
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To demonstrate the analyticity note t* is continuous for x > 0 and satisfies
the Cauchy Riemann equations:

t* = u+ v = O cos(yIn(t)) + ie* ™ sin(y In(t)) (149)
ou ov
ou v
R | = 151
5 = ~In(t(@) = =5 (151)

In integral representation

o) = [ Fotar (152)

For z in the right half plane ¢* is analytic for any ¢ € [0, 1] and t*¢(¢)
continuous in t for t € [0, 1]. Theorem 2 on page 40 of the text(or page 56 of
last semesters notes) implies that f(z) is analytic in the right half plane.

Next note that

MSAWW®W:/ﬂWI</M )| = max [o(1)] = € < oo

€[0,1]
(153)
The last step follows because a continuous function on a closed interval is
necessarily bounded.
The condition that

1
fo(An) = / to(t)dt =0 (154)
0
means that f(z) has a zero for each of real exponents \,,.
What we have established is that f(z) is a bounded analytic function in
the right half plane with an infinite number of zeros on the positive real line.
I use the conformal mapping

1+2 , 1-=z

z = Z =
1—72 1+ 2

(155)

to map the right half plane to the interior of the unit disc

_ 2 . .
L 1+7re® 1 —1r?+ 2irsin(¢) (156)
1—re®  1+47r2—2r cos(¢)
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It is not hard to check that z takes on all values in the right half complex
as 2z’ varies over the interior of the unit disk.

Thus _
N +z
o) = f5
is a bounded analytic function on the disk with and infinite number of zeros
at

) (157)

>\n -1
n 158
o= 3 (155)

These zeros accumulate at the point 2’ = 1

Consider the contour integral
1 1—2 1 dg

il d 159
o /1+zg()dz(>z (159)

where the contour is in the unit circle enclosing the interval [—1 + ¢, 1 — 4],
and we take the limit that 6 — 0. The function

1 dg

FErREL (160)

has isolated poles at a,,. The integrand vanishes at 1 and the point -1 is
avoided by the choice of contour. The theorem on page 85 implies that

i 1—z1dg()dz

2 ) 1+ 2g9(2)dz

TFa. Z — + other terms (161)
Qy,

The other terms come from (a) additional roots in the right half plane or
higher multiplicities of the roots A,. In all cases they have positive real
parts.

Since the integrand is bounded on this contour it follows that

Z%<|Z%|:C<oo (162)

where the second sum is over all roots times multiplicites in the right half
plane.

It the sum on the left is finite, then is it possible that there is a non-zero
continuous function ¢(x) orthogonal to all of the z?\, if on the other hand the
sum is infinite then there are no continuous functlons ¢(t) that are orthogonal
to all of the t*’s. This means that the set {z**} is complete.
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Clearly the powers x,, satisfy >~ % = oo which is consistent with what
we learned from the Weierstrass theorem. What is interesting is that we can
remove a finite and in some cases infinite number of terms from this basis
and still get a basis.

This theorem does not apply if we orthogonalize our basis functions using
the Gram Schmid method. It we remove one function from an orthonormal
basis we have a non-trivial function that is orthogonal to the rest of the basis
functions, which means that the remaining functions are not a basis.

35



0.9 Lecture 9:

In this section the Weierstrass approximation theorem is used to introduce
Fourier series.

Let f(0) , 0 € [-m, 7] be continuous and periodic, f(7) = f(—n). Since
this function is periodic it follows that f(r,0) = rf(6) is a continuous function
in the plane, where r and 6 are considered as polar coordinates. Let

x = rcos(f) y = rsin(0) (163)

g(x,y) = g(rcos(9),rsin(f)) = f(r,0) (164)

Since g(x,y) is continuous, it is also continuous on z € [—1,1}, y € [—1,1].
We can apply the Weierstrass theorem separately to each variable. The proof
is a straightforward extension of the one-variable proof. This means that
there is a polynomial

Gmn - Z gklxkyl (165)
%, 1=0

It is useful to choose the polynomial in x and y to have the same order
(m = n). This can be done by choosing maximum order to be the larger
of m or n. The Weierstrass theorem means that for any ¢ > 0 there is a
sufficiently large N such that

N

m,n=0
This result still holds if it is expressed in terms of polar coordinates:

N

1F(r.0) = Y Grnr™ " cos™(0) sin™(0)] < e (167)

m,n=0

Since this holds uniformly for all z, y in the square of side length 2 centered
about the origin, we can set » = 1 and the inequality is still valid, which gives

1£(0) = > g cos™(0) sin™(0)] < € (168)

m,n=0

This series converges uniformly and pointwise for all § € [—7, 7).
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It looks more symmetric to replace

i0 | ,—if i0 | ,—if
cos() = - ging) = (169)
2 21
Using the binomial theorem we have
cos™(0) = * i Lei(%_m)e (170)
2m El(m — k)!
k=0
R () K S (1)
sin” (60) = 7 > 1 (171)
k=0
For both sums —m <2k —m <m
eif 4 =i
S 172
5 (172)
This leads to an alternative expression for the series
2N
£0) = > cme™| <€ (173)

m=—2N

This shows that any continuous periodic function can be uniformly point-
wise approximated by a trigonometric polynomial of sufficiently high order.

The basis functions e¢”™® have the nice property that they are orthogonal
for different values of m:

/ e M0l d0 = 276 (174)
We define the orthonormal basis functions
1 .
|€m) Olen) = — ™m0 (175)

Equation (174) is equivalent to

(emlen) = /ﬂ (em|0)dB(0)en) = bmn (176)

—Tr

We can use the Weierstrass theorem to calculate expansion coefficients
for any continuous periodic functions. This does not use the inner product.
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An alternative is to choose the coefficients to minimize the L*[—7, 7] norm

of the difference
1) — Z fmlem)|I? =

(f1f) +Z|fn\2+2 (emlf) = fn(flem)) =

f|f Z|f|€n|2+2|f|en
Z|fn|2+2 (emlf) = fulflem) =

(fIf) — Z| flen) |2+Z‘fm em|f

Bessel’s inequality tells us that

Z| (flea)* < (1) (177)

while the terms that depends on f,, is non-negative. A minimum will be
achieved only when

= (emlf) (178)
This leads to the Fourier expansion of the periodic function f(¢)
=2 lew)enlf) (179)

This converges for continuous functions because the error is smaller than
the Weierstrass bound with goes to zero.
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0.10 Lecture 10:

There various generalization of the convergence result that extend to some
non-continuous functions. For example if f(¢) is piecewise differentiable on
finite subintervals and periodic then

%(f(9+) + f(07)) = Z (Olen) (envertf) (180)
where
F(0%) = lim f(6 ) (181)

If § is a point of continuity then f(6%) = f(0).

The proof of this is similar to the proof of the next theorem, where we let
the finite interval approach the real line. I will prove the following important
result:

Theorem: Let f(z) be absolutely integrable and piecewise differentiable on
the real line. Then

1

U= fan == [Can [ rmeste-ma s

To prove this I replace the integral by

% /Ooo dX /: f(y) cos(A(x —y))dy =

lim — i /_ " F(y) cos(\ — y))dy (183)

A—oo TT

Since

f(y) cos(Az —y)) (184)

is absolutely integrable on [0, A] I can change the order of the integration to

get
! / ey Z o) cos(A—))dy = tim = [ dys(w / " i cos(A(—)) =

—00

[e.e]

tim L [ dyf(y) A=)

P (185)

A—oco T J_
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Next let ¢/ =y — x; y =y + = (note that sin(ax)/x is even, to get

.1 [ sin(Ay’
tim 2 [y =00 (156)
From last semester we used contour integrals to calculate
* gin(A 0 in(A
0 y 2 o Y 2
Using these integrals we can write our integral as
1 N ) o sin(A
1= 50 = 1) = fim | [0 = )™y
0 in(A
[t - sy (159

The problem is to show that the two integrals on the right side of this equation
vanish as A — oco. I break each integral up into four parts

sin(Ay)

/Oe(f(y+x)—f(x+)) Uy (189)
A .

/ <f<y+x>—f<x+>>wdy (190)
/OO fly+ :E)Mdy (191)
A )
@) / #dy (192)
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0.11 Lecture 11:

The integrand in (189) is uniformly bounded. This is because the function
has a right handed derivative and f(x + y) approached f(z*) as y — zero
from above. The integral can be made as small as desired by choosing € small
enough.

The difference in (190) is piecewise differentiable. It can be expressed as
a finite sum of integrals of differentiable functions on disjoint subintervals.
This means that we can write

1
sin(Ay) = _Kdi; cos(Ay) (193)

This can be integrated by parts. Since everything is finite, after integrating
by parts this behaves like a constant times % For any fixed €, and A this
vanishes A — oc.

The integral in (191) can be made as small as desired, using the absolute
integrability of f/y, by choosing A sufficiently large. In practice one first
choose A large enough so this is small, then choose A large enough to make
the other integrals small.

The integral in (192) can be transformed to

/ T o (194)
A

A u

as A — oo. Because this oscillates it is useful to write the integral as a sum

of positive terms
o0

2(n+1)7m s
3 / sin(w) 4, (195)
2 u

nm

Since the sum converges, and the terms are all positive, this shows that the
sum vanishes as m — oo.
The other integral can be made to vanish in the same way. The final
result is
B 1 o [o¢]
T30 =5 =2 [ ix [ fweosiha-ma (99
0 —0o0

The more familiar form of this result is obtained by replacing the cos(\(x—
y)) by its exponential form.



=], dA/ F) (e + Ay =

— d>\ / e y))dy (197)

When f(z) is continuous thls gives

— d)\ / e y))dy (198)

We define the Fourier transform of f(x) by

F(k) = E / £ (y)dy (199)

The inverse Fourier transform is given by

f(z) = e'*¥ f (k) (200)

iy

While this relation looks symmetric, except for the sign in the exponent,
we started with a piecewise differentiable, absolutely integral function, f(z).
We have not established that f(k) has any of these properties.

While there are a number of distinct relations between properties of func-
tions and their Fourier transforms, one of the most useful relations involves
the space S(R) of Schwartz functions of a real variable.

The useful property is that the Fourier transform of a Schwartz function
is a Schwartz function.

A function f(x) is a Schwartz function, written f(z) € S(R) if and only if
f(z) has an infinite number of derivatives and f(z) and each of its derivatives
fall off faster than any inverse polynomial in the sense:

m

lim |z™—(z)| =0 (201)
While this condition sounds restrictive, the functions

1
falz) = N

where H,(x) are the Hermite polynomials, and the h,, are the normalization
integrals, are all Schwartz functions.

H,(z)e /2, (202)
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0.12 Lecture 12:

While finite linear combinations of Schwartz functions are Schwartz func-
tions, infinite linear combinations are not necessarily Schwartz functions.
This follows because the functions f,(z) in (202) above are known to be an
orthonormal basis for the Hilbert space of square integrable functions on the
real line, but we know that there are many square integrable functions that
do not have as many derivatives or fall off as fast as Schwartz functions.

It turns out that the Schwartz functions are members of a complete metric
space defined using an infinite collection of norms:

dm
£l = sup 2" L o) (203
o(f = 9) =3 sl = )l (204)

mn
This is the only place in this course where inner product spaces and normed
linear spaces are insufficient. It is worth noting that there are different equiv-
alent ways to write this metric that appear in the literature. Two metrics
are equivalent if every Cauchy sequence in one metric is Cauchy in the other
metric.
Note that

%27 / e‘i’“yynZ—Qw@ = () (R (R)) (205)

which means that the meaning of m and n get interchanged under Fourier
transforms. Note that

1 ity =i 1 —iny U _
o /e " f(y)dy = T /e g i (y)dy = (206)
af

Since @(y)dy is also a Schwartz function the integral has a bound inde-
pendent of k, so the Fourier transform of a Schwartz function vanishes as
|k| — oo. Because derivatives of Schwartz functions are Schwartz functions,
and polynomials time Schwartz functions are Schwartz functions, the Fourier
transforms of these functions also vanish in the same limit. Since polynomial
time derivatives of Schwartz function get Fourier transformed into powers
and derivatives, these Fourier transforms also vanish as |k| — oo. This
shows that Schwartz functions are closed under Fourier transform.
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A useful characterization of Schwartz functions can be given in terms of
their expansion coefficients in the orthonormal basis of Hermite functions

1 1.2

(x|n) = \/—}Tan(x)e_Ex : (207)

Assume that .
f) =" (xln) fathen (208)
f(z) € L*(R) — S fal? < (209)

and it can be shown that
f(z) € S(R) — S IfPA+n)" <00 m>0  (210)
n=0

Thus we see that Schwartz functions have restrictive growth conditions
in their expansion coefficients in the Hermite basis.

Later we will extend Fourier transforms to a larger class of functions.
Fourier transforms are especially useful for treating linear partial differential
equations. For example consider the wave equation

[1 0?0 Ju(
—— ——Ju
20t Ox?

If we express u(z,t) in terms of its Fourier transform

1 o
u(z,t) = o /ﬂ(k,w)elmﬂmdkdw (212)

z,t) =0 (211)

then equation (169) can be written as

1 w? oy iwt-+ik
— (—g + k7)a(k,w)e™ T dkdw = 0 (213)

This will vanish provided
w = *ck (214)

which leads to a general solution of the form
1 . , N :
u(@,t) = | / fi(k)eeted g, 4 / fr(k)eF @ qg] (215)
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%( filw + ct) + fo(x — ct)) (216)

In this case fi(z) and f,(x) are arbitrary functions. fi(z + ct) represents
a disturbance moving to the left while f,.(z — ct) represents a disturbance
moving to the right. The function f (+w/c) is the angular frequency of this
function.

It is easy to check that functions of this general form are solutions of
the wave equation. This application is typical of how the Fourier transforms
are used. The important property is that derivatives get converted into
multiplication operators. In this simple case the partial differential equation
was reduced to the algebraic equation, ¢?k? — w? = 0.

Returning to the original Fourier transformation, for Schwartz functions
we have shown that

fo) =[x [~ e figay 17)

If T change the order of the integrals without first cutting off the limit of
integration in the A integral I get the quantity

T[>~ .
Sz —y) = — / dreNT=Y), (218)

:27r

— 00

which does not define a convergent integral. However §(z — y) formally
satisfies

fuozjb@—vaMy (219)

In terms of the Lebesgue integral, if §(x — y) represented a function it
would have to be zero except on a set of measure zero. This would make
the Lebesgue integral zero; so we cannot think of §(z — y) as a function. It
is usually called a Dirac delta function. Quantities of like the Dirac delta
functions are called generalized functions or distributions.

We can represent the integral of a Dirac delta function multiplied by a
function as a limit of integrals over a sequence of functions multiplied by the
same function. For example

(220)
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has the property

, Isin(A(x —y)) /

1 ———dy = = 0z —y)dy. 221
tm [ 1wy = g = [ s -y 22
This makes sense provided the y integral is performed before taking the limit.

It can also be written as

_ 1 1
{ n <t <5 (222)

2n
0 |z > 5

which also has the property

ti [ £ - )y = fo) = [ F@6 -y (223)
The integrals on the left exist for each n and the limit exists if f is continuous.
There are many other sequences of functions that can represent the “dirac
delta function” 0(z —y). All that matters is that (1) they integrate to 1 and
(2) the area that contributes to most of the integral eventually contains only
the point x.

While there are many ways to represent delta functions, the basic rule

/f@ﬁ@—yMyzf@) (224)

is simple, and can be implemented without the use of sequences of auxiliary
functions or the computation of complicated integrals

What we can observe about the rule (225) is that it is (1) linear in f
and its value is a complex number. This is a property the it shares with the
integral of a fixed function multiplied by f.
Definition: A tempered distribution is a continuous linear functional on the
space of Schwartz functions.

The space of tempered distributions is denoted by S’(R).

Thus if L is a tempered distribution, « is complex, and f(z) and g(z) are
Schwartz functions, then

Lf +ag] = L{f] + aLlg] (225)
and )
fim p(fi = g) = lim > g I (ft = ) lln — 0 (226)
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then
tim L{f)] = L[y (227)

In the case of the delta function
L{f] = f(z) (228)

defines a tempered distribution since

LIf +ag] = f(z) + ag(z) (229)
p(fn—g) — 0 (230)
Tim L{f,] = L[lim ] = L[g] = g(z) (231)

because the

Tim p(fo = g) = 0= supyer|fu(y) — 9(y)| — 0 =

|ful@) = g(z)| =0 (232)
Many tempered distributions can be written as integrals. In a Hilbert

space of square integrable functions, each element |f) € H defines a linear
functional on H by the inner product

- / £ (@)g(x)dz (233)

These linear functional are also tempered distribution because they are alco
continuous on the subspace of Schwartz functions. If I expand f(x) and g(x)
in terms of the basis functions

(ln) = —

N

=> " [n)fa (235)
= |n)gn (236)

H,(z)e ™72 (234)

Then the Schwartz inequality
> | frgal® = 1(flo)? Z FAl Z 97 ] (237)
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ensures that this scalar product is well defined.

When g¢(z) is a Schwartz function the coefficients g, fall off faster than
>, 1gZ4]]. This means that it is possible to relax the fall off conditions on f
so it is no longer square integrable, but gives a finite scalar product.

Specifically, if I require

> lgalP14n)" <00 Vm (238)

and .
; ‘fan < 00 for some m (239)

the Schwartz inequality

_ fn n)m
Z‘fngn| —Z‘W (14 n)mgnl
< G P g (240

This means if ¢ is a Schwartz function and f is a tempered distribution this
“inner product” is still finite.

Condition (239) is one way to characterize tempered distributions. We see
that the tempered distributions have less restrictive growth conditions than
square integrable functions. One consequence of the Hermite representation
of tempered distributions is that any tempered distribution, including the
delta function, can be approximated by an expansion in the Hermite basis

functions
L=> cn| (241)
The only new property is that the ¢, are restricted so
|cn|?
——— < 242
zn: (I+n)m (242)

for some m so

=3¢ / (nle)dz{z] f) (243)
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If T consider

(244)

. [ din|z)
; “n / dx
and apply this to a Schwartz function (x|f)

=Y [ B - (245

R Y Lt

Interchanging the order of the sum an integral is valid provided (z|f) is a
Schwartz function and the coefficients ¢, satisfy the growth condition for a
tempered distribution. Note that there are no contributions when integrating
by parts because of the Schwartz functions and all of their derivatives vanish
as x — Fo00. Since derivatives of Schwartz functions are Schwartz functions
the right hand side of this expression is always defined if L is a tempered
distribution.

This leads us to define the derivative of the tempered distribution L[f]

by
a
dx

This can be repeated n times to get the n-th derivative of a tempered distri-
bution

(246)

L[fl = —L[=] (247)

e (g &S
L™[f] = (=)L)
Clear the tempered distribution have an infinite number of derivatives be-
cause the Schwartz functions have an infinite number of derivatives. These
derivative are only well defined on Schwartz functions, they may not be de-
fined on an ordinary square integrable function.

As an example consider the Heaviside function

(248)

0(z) = { ol 28 (249)

L) = [ orsters = [ fads (250)

rif) = -t = - [ o D as -
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- [0 s = o)+ 50) = 100 (251)

But this have the same value as the distribution d(z). This gives the distri-

butional identity
d

%9(:5) = () (252)
We will used this identity when we discuss Green functions. It is useful to
establish some additional properties of tempered distributions.

We introduced Schwartz functions because Schwartz functions get mapped
into Schwartz functions under Fourier transform. We can use this property
to define the Fourier transform of a tempered distribution:

First let f(x) and g(z) both be Schwartz functions. Then the Fourier
transform of these functions are

1 ikx f
) = <= / dke f(1) (253)

1 tkx ~
g(x) = E/d/{:e g(k). (254)

Since Schwartz functions are also square integrable, the inner product of f
with g is defined

(o) = [ Faglords = o [ dedhidiae™t0 F ()g) = (255)

/ dky F (k)G (k1) = (F13) (256)

This shows that Fourier transforms preserve the Hilbert inner product.
This property can be used to define the Fourier transform of a tempered
distribution. If f is a tempered distribution we can write

F=Y fadn() (257)
n=0
On(x) := (x|n) (258)
We define finite partial sums
N
(@) = fada(2). (259)
n=0
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The fy are all Schwartz functions.
It follows that if g is a Schwartz function

(flg) = Jim (fnlg) =

Jim (fxlg) = (f19) (260)

This defines the Fourier transform of any tempered distribution.
Let’s use this to compute the Fourier transform of a delta function. Start
by letting g(x) be a Schwartz function. We can write

(5,15) = / 5(z — y)g(x)dx = gly) = % / FRgkydk  (261)

one can immediately read off the linear operator that act on g(k):
- 1

Oy(k) = —

y( ) \/%

We can also arrive at the same result using the formal rule

1 . 1 .

0,(k) = —/5 z—y)e Redy = ——e~ kY 263

It often happens that while an equation may have no solutions in the
space of square integrable functions, if the space is enlarged they might have
solutions in the larger space. The space of tempered distributions is much
larger than the space of square integrable functions.

The Schrodinger equation for a free particle with energy k? is
() = K() (264)

e~ ky (262)

has solutions of the form '
e:l:zk:c (265)

These solutions are not square integrable functions on the R, but they are
immediately recognized as Fourier transforms of delta functions. Thus, they
can be interpreted as tempered distributions.

These distributional solutions, e*** are complete in the sense that I can
write any square integrable function in the form

1 iky ¢
o) = <= / e (k) dk (266)
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(technically it may have to be written as a limit of Schwartz functions which
can be put in this form).

There is a lot more that can be said about distribution theory. Most of
the important results can be derived by expressing the distributions as limits
of finite sums of Hermite basis functions.

As a practical matter, elementary results can be obtained by acting on
the distributions as if they were functions.

The tempered distributions are one a much larger class of distributions.
Ordinary distributions replace Schwartz functions with infinitely differen-
tiable functions with bounded support. In this the corresponding space of
distribution is even larger. The delta function is a well defined distribution
in both of these spaces.

0.13 Lecture 13:

In this section I begin the discussion of linear operators on infinite dimen-
sional vector spaces. A Linear Operator L on an infinite dimensional vector
space V is a function that maps vectors from a subset of V called the domain
of L to a vectors in another subset of V), called the range of L satisfying the
linearity condition

L([v) + alw)) = L([v)) + aL(|w)) (267)

Linear operators fall into several useful classes. We will primarily be
concerned with bounded operators, unbounded operators, and compact op-
erators.

As in the finite dimensional case, if V) is a normed linear vector space then
the norm of the operator L is defined by

LIl = sup [|[L]v)]] (268)

[l[o)|=1

The operator L is bounded if is L defined for all vectors in V and |||L||| =
C' < o0o. Operators that are defined on subsets of V that are not bounded
are called unbounded operators. If L is unbounded then it is always possible
to find an infinite sequence of unit normalized vectors |v,) such that

[K|va)[| > n (269)
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Bounded operators have the property that they are continuous, because
if [||vn) — |v)|| — O then

[ Llvn) = LIv)|[| = [[L(jon) = [o) Il < LI - [fon) = [0)]| =0 (270)

Bounded sets in infinite dimensional spaces have some properties that are
not shared by bounded sets in finite dimensional spaces. For example, all
orthonormal basis vectors fit inside a bounded sphere of radius 1 + €. The
distance between any pair of orthonormal basis vector is V/2. This means
that it is possible to put an infinite collection of vectors into this bounded
set and they never have to get close to each other.

In a finite dimensional ball, if I have an infinite collection of vectors of
norm 1, there has to be a subsequence that are getting closer and closer
to each other. This result is called the Bolzano Weierstrass Theorem. The
step that was glossed over in the proof of the Weierstrass theorem, where we
stated that g(x + y) — g(x) could be made less than some € for all z in a
closed bounded set, for small enough ¥, is based on a variant of the Bolzano
Weierstrass theorem. Our interest in this theorem is to identify subsets on
infinite dimensional vector spaces that look like finite dimensional vector
spaces.
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0.14 Lecture 14:

Theorem: (Bolzano Weierstrass Theorem): Let {x,} be an infinite col-
lection of points in the unit square [0, 1] x [0,1]. Then there is an infinite
subsequence of the points that converge to a point in the square.

Points in a square can be thought of as vectors. Divide each square into
a 10 x 10 array of 100 smaller squares. Label them [m,n] where m,n are
integers that go from 0 to 9. As least one of these squares, say [mq,n;]
has an infinite number of points. Divide that square into a 10 array of 100
smaller squares. Label them ms, no. At least one of these contains an infinite
number of points. Label this square by [my, ms; nins]. This process can be
continued giving successively smaller nested squares my,mg, -+ ;n1,n2, -],
each containing an infinite number of points. Each of the sequences can be
consider as a decimal representation of a number between 0 and 1

T = .mimeomsg- - - Y = .NiNaNg - -+ (271)

This number also identifies a point in the intersection of all of the larger
squares. The truncated sequences can be associated with Cauchy sequences
of rational numbers. Because of the completeness of the real numbers, these
Cauchy sequences converge to a pair of real number between zero and one,
This pair of numbers defines a vector in the plane.

The limit point is in the intersection of an infinite number of squares,
each containing an infinite number of points. Picking one vector from each
of the intersecting squares gives a convergent subsequence of points. This
argument can be extended to N dimensions, but it breaks down when N is
infinite because then each subdivision results in an infinite number of cubes
of a fixed size; each of which could contain a point.

In infinite dimensional vector spaces bounded sets do not have the Bolzano
Weierstrass property. Subsets of points in infinite dimensional vector spaces
that have the Bolzano Weierstrass property are called Compact sets.
Definition: A subset of a vector space is Compact if every bounded infinite
sequence has a convergent subsequence that converges to a vector in the set.

Compactness depends on the definition of convergence. We will normally
be concerned with compact subsets of normed linear spaces. In these spaces
convergence is given in terms of the norm.

What does a compact subset of an infinite dimensional space look like?
Consider an infinite sequence of vectors |m). I can assume that at an infinite
number of them are linearly independent, otherwise all of the vectors live in
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a finite dimensional subspace, which is compact if it is closed (includes its
limit points) and bounded.
If this set contains an infinite number of independent vectors with

l[n) = m)[| > e, (272)

it cannot be compact because this subset does not have a convergent subse-
quence.
For the set to be compact is must be true that for all m,n > N,

l[n) = |m)|| < e (273)

This means that for every € > 0, every vector in the set can expressed as the
sum of a vector in a finite dimensional subspace plus an additional vector with
norm less than €. As € gets smaller the dimension of the finite dimensional
space can get larger.

What is means in words is that compact sets are very thin in all but a
finite number of dimensions.
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0.15 Lecture 15

Definition C1: A compact linear operator is a bounded linear operator that
maps bounded sets to sets with compact closure.

In the Hilbert space case compact operators have a simple characteriza-
tion.
Theorem: A linear operator on a Hilbert space is compact if and only if for
every € > 0 it can be expressed as the sum of a finite rank operator and an
operator with operator norm less than e.

Note that in a Hilbert space with an orthonormal basis {|n)} we can write
a general operator A in the form

A= |n)Apm(m|. (274)

If I define
|an) = Apm(m| (275)

then

A=Y |nja (276)

where |a,) is not generally a unit vector. A is a rank N operator if the n
sum contains N terms.

I prove this theorem by contradiction. Pick an ¢ > 0 and assume that
there is an infinite collection of orthogonal vectors {|n)} with norm greater
than € such that there are vectors |w,) with norm 1 satisfying

Clw,) = |n) (277)

for all n. It this is the case the image of the set of unit normed vectors
is not a compact set and consequently the operator C' cannot be compact.
This means that for any € > 0 I can find a projection operator Py on an N
dimensional subspace such that

C = PyC + (I — Py)C (278)

where |||C(I — P)n|v)|| < e. PyC' is the desired finite rank operator.
Conversely, if for every € > 0 I can find Fly finite rank with

€ = Fyll] <€ (279)
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then every vector that gets mapped into the orthogonal complement of range
of Fy necessarily gets mapped into a vector of norm less than €, which means
that the range of C' has compact closure. They can be understood as the
closure of the space of finite rank operators in the operator norm.

This shows that compact operators on Hilbert spaces can be uniformly
approximated by finite dimensional matrices
Theorem: Let B be bounded and C' be compact on a Hilbert space. Then
A= BC and D = C'B are compact.

This theorem means that the compact operators are a 2 sided ideal in the
space of bounded operators.

To prove this let € > 0. Since C' is compact it is possible to find a finite
dimensional operator C'y such that

I[|C —Cnl|| <e (280)
It follows that
I[|BC — BCN||| < |[|Bl[] - [I|C = Cnl|| < €ll| Bl (281)
and
I|CB — CxBl|| < -]|C = Cnl|| - [I1B]]] < €ll| Bl (282)

Since BCy and Cy B are finite dimensional and ||| B||| is a fixed finite number,
it follows that A and D are compact.

An important result that illustrates the utility of compact operators is the
following result, which is one of the central results in the theory of integral
equations.

Theorem:(Fredholm Alternative) If A is a compact operator on a Hilbert
space ‘H then either

Alp) = |4) (283)

has a non-trivial solution or (I — A)~! exists.
Proof: Since A is compact there exists a finite rank Ay such that

1
114~ Al < 5 (2584)
It follows that .
(1= (A=Ax) ™ =) (A= Ay)" (285)
n=0
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where this series converges in norm because

11D (A=A < DA = Av)"l] <

0 ) 1
Z|||(A—AN)|||"§ZQ7=2- (286)
n=0 n=0

Next note that
(I—A)=1—-(A—Ay)— Ay =

I—(A—Ay) —ANI — (A= AN) "I - (A— Ay)) =
(I—AvI —(A=AN) NI - (A-Ay)) =
(I = Fn)(I = (A— Ay)) (287)

where
Fy = Ax(I = (A= Ax))™! (288)

is finite rank. It follows that
(= A)™ = (I = (A— Ay)) NI = Fy) ™" (289)

This will exist provided (I — Fi) has a non-zero determinant. If (I — Fy)
has zero determinant (I — Fiy)|¢) has at least one solution.

Recall that in the finite dimensional case 0 might correspond a generalized
eigenvector of some order. If the order is k > 1, then (I — Fy)*~! applied to
the generalized eigenvector gives the desired eigenvector.

Note that the Fredholm Alternative does not hold for bounded operators
in general. To see this consider the operator

Ag(z) = z¢(x) (290)

on L?([0,2]). Then
Ap(z) = ¢(z) (291)

1is not a

requires (x — 1)¢(x) = 0, which has no solutions and (1 — A)~
bounded operator because of the singularity at x = 1.
The Fredholm Alternative illustrates how one can extend results from

finite dimensional matrices to compact operators.
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0.16 Lecture 16

One of the advantages of compact operators is that it is possible to use the
error estimates on the approximated operator to compute bounds on the
error of the approximate solution. To show this assume that A is compact
and |||A — An]|| < € for some rank N approximation Ay. Consider the

equation
1f) =1g9) + Alf)
The solution to this equation, if it exists is
f)=(—A)"g)

which can be written as

1f) =~ (A= Ax)"'(I = Fn)7'g)-

I can approximate

M
(I—(A=Ay) "= D (A= Ay)"
m=0
The error is
M
(T = (A= An) " =D (A= An)™ll =
m=0
00 M+1
Y (A A<
m=M+1

This means that the error in the approximation is bounded by

M

) =D (A= AN)™(I = Fx)'[g)] <

m=0

€M+1 .
T M= E) I g

where
FN = AN([ — (A — AN))_l)
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is a rank N operator. In principle, because Fly is finite rank, ||[(I — Fy)™!|]
can be computed by matrix methods, but in practice the consistent approx-

imation to Fly is
M

Fy = By:=Ayx Y (A—Ay)" (299)
m=0

with error
M+1

€
I1En = Bulll = [[|Ax]l15 (300)

Using this we can estimate the error in (I — Fyy)~! by writing Fy = By + A
which gives

(1—Fy)'=(01-By)""+(1—-By) Al = Fy)™! (301)
(1—Fy)™ => ((1-By)"'A) (1= By)™" (302)
1=0
If 10
_ —€
(= Byl < (303)
then
(1= Byx)T'A)l =6 <1 (304)
K ) SE+1 .
11(1—=Fy)™ =) (1= By)~'A)' (1 - By)~ IIF= =51 = Bx) =7l
1=0
(305)
Putting all of the estimates and approximations together
M K
f)m > (A= AN)™> (1= By)'A) (1= Byx)g)  (306)
m=0 1=0

which has the desirable property that there is a computable upper bound on
the error than can be made as small as desired. This assumes that 1 is not
near an eigenvalue of By.
Theorem: (Riesz Schauder) Let A be a compact Hermitian operator on
a Hilbert space. Then for any € > 0, A can have only a finite number of
eigenvalues A\, with |\,| > e.

Because A is Hermitian I can assume that the eigenvectors are orthonor-
mal. Let {|n)} denote the collection of orthonormal eigenvectors with eigen-
values having magnitude larger than e
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This set of vectors defines an infinite sequence with the property that
1An) — Alm)|| = [[Anln) = Amlm)[] = V/AZ + A2, > V2e (307)

which contradicts the compactness of A It follows that the subspace of linear
combinations of eigenvectors with eigenvalue \,, > € has a finite dimension.
Theorem: (Completeness) Let A be a compact Hermitian operator. Then
A has a complete set of eigenvectors with eigenvalues \, satisfying

lim [An| — 0 (308)
To prove this let |||A||| be the operator norm of A. By definition

H[A[[l = sup [[A]v)]] (309)

[[[o)l]=1
This definition means that either there is a vector |v) with
Alv) = =£[[[A[l] - |v) (310)
or there is a sequence of unit normed vectors |v,,) with
1A ) || = [I[All (311)

I will show that this second possibility implies the first.

Since the sequence Alv,) = |w,) satisfies the Bolzano Weierstrass prop-
erty, it has a subsequence that converges to a vector |w) in the Hilbert space
(Hilbert spaces are complete).

I claim

Alw) = £[[|Al[] - [w) (312)

To verify this note
[ = 1Al (313)

by the definition of the operator norm and
Al < (1Al - [w)]] = []A]l[? (314)
Pick € > 0 and |v,) with n large enough so

lwn) = |w)]| < e (315)
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SO
[[Alwn)[| < [[AJ)|]+ A} [[wn) = [w) || < [|AJw) ]| + [[[All]e

Let € = ¢€l||A]|| so
[[AJw)[| = [|Alwn)|] — €

for all n > N, Next note

1wa)[* = (val AAJvn) <

(valvn) F (Adva| Adv,) = || Aluw,)|
Using (318) with (317) gives

1 AJw)]| = [[[wa)|* — €'

Since € is independent of n for large enough n
Tim {[[wn) || = [[lw)]] = [[| Al
| Alw)|| > [|[w)|[?

Combining (321) with the inequality

A [l = [[Alw)]

gives

1 AJw)]| =[] All?

Next note )
(w|AAw) < (w|w)"?(w|A*jw)?

(316)

(317)

(318)

(319)

(320)

(321)

(322)

(323)

(324)

The left side of this expression is |[|A|||* by (323). The right side is bounded

by [||A[Il - |I|All] - [||A]||* which gives the inequalities
A" < (wlw)?{w|Atw) V2 < ]| Al

leading to
IA[[[? = (w] Atfw)*/?

From these relations I get

(w|(A% = [[JA[I*)(A* = [[|A[l]*)w) =
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(w]A*fw) = 2/[|A|[*(w] A%[w) + [[|Al]® = 0 (327)
This gives

0 = (A — [[JAll[*)[w) = (A +[[JA[I)(A = [ A[[])]w) (328)

which proves that |w) is an eigenvector with eigenvalue £|||A|||.

This establishes the existence of one eigenvector |w;) with eigenvalue \;
equal to £|||A]|]-

I establish completeness by induction. Define

Al = A — |’U)1>>\1 <U)1| (329)

where |wy) is normalized to unity. This is a compact Hermitian operator
where

Asfwi) = (A = Ap)|wr) =0 (330)

Any other eigenvector of A is also an eigenvector of A; with the same
eigenvalue. Repeating our analysis, we find there is an eigenvector with
eigenvalue equal (in magnitude) to the largest eigenvalue of A; which is the
second largest eigenvalue of A. The associate eigenvector is orthogonal to
|wi)

This process can be repeated N times giving

Ay = Z |0n) A (10| (331)

By the Reisz-Schauder theorem there are only finite number of eigenvalues
with magnitude larger than e. This means

A= Anll] <€ (332)
lim Ay =4 (333)

To complete the proof let |v) be any Hilbert space vector. Then

Alv) — Z [wn) An(wn|v) = Z [wn) (An — An) (W |v) (334)

It follows that

[0) = >~ Jwn) {wnlv) + o) (335)
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where |v,) is the difference. It follows by direct computation that
Alv ) =0 (336)

which means that |v) is an eigenvector of A with eigenvalue zero. (335) shows
that the eigenvectors of A are complete.
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Next I show the general structure of a compact operator on a Hilbert space.
Theorem: Let A be compact on a Hilbert space. Then there are two or-
thonormal bases {|v,)} and {|w,)} and A, > 0 satisfying

lim A, — 0 (337)

and o
A= [v) A (w,| (338)

n=1

To prove this note that if A is compact then ATA is compact (see home-
work) , Hermitian, and positive. It has a complete set of eigenvectors with
positive eigenvalues

At Alw,) = X2|w,) (339)
In what follows the |w,) are taken to be orthonormal.
Define
|vn) = Klwp) /A, (340)
for n with A,, > 0. Then
() = 5 K K ) = 55, = 5 (311)

Note

AJE) = A w) (wn€) =
Z(A|wn>/)‘n))‘n<wn|€> =

n

(Z(WMMW\) 1£) (342)

n

Which shows
A= (U | A (0| (343)

as desired.
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The converse of this theorem is also true, because if

A= wn) An(w, (344)
n=1
and I define
N
Ay = [on) A (wn| (345)
n=1
then .
A=Ay =" [va)Aa(ws| (346)
n=N+1
and
[ A = An|l] = maz,n|An| (347)

which vanishes by the Reisz Schauder theorem as N — oo.

In applications it is important to know that an operator is compact before
on attempts to make finite dimensional approximations.

There are two important cases
A linear operator K is Hilbert Schmidt if and only if

Tr(K'K) < oo (348)
A linear operator K is Trace class if and only if
Tr(KTK)Y? < o0 (349)

Here the trace of a linear operator on an infinite dimensional vector space

Tr(A) =) (n|An) (350)

n

18

where {|n)} is any orthonormal basis.
Note that the trace is independent of the choice of basis because

T'(A) =Y (n'|Aln) =

n

> () (m| AlDUln') =

Imn
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DO iy’ [m)) (m|AJl) =
Z5mz<m|f4‘l> =
> (m]Ajm) = Tr(A) (351)

m

To show that both trace class and Hilbert Schmidt operators are compact
first note that
Tr(ATA) > Tr(ATPyA) (352)

where Py is any orthogonal projector. If this is the orthogonal projector on
the first N eigenstates of KTK, the condition of being trace class or Hilbert
Schmidt ensures that the sum of any number of eigenvalues is bounded.
This requires that A, — 0, which means that K is compact.
In the Hilbert Schmidt case

> A <o (353)

For the trace class case

> A< (354)

and in general if

>N < oo (355)

for p > 0 the operator is still compact. In practice the condition of being
Hilbert Schmidt is the easiest condition to show.

Example: Compact operators are often associated with integral equations.
Consider the integral equation

b
f() = gla) + / K (2, 9)f (y)dy (356)

We can check to see if K(x,y) is the kernel of a Hilbert Schmidt operator by
calculating

Tr(K'K) = / dx / dyK*(z,y)K (y, ) (357)
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If this is finite then it follows that we can uniformly approximate K by

Z G () A X (y (358)

Replacing the actual kernel by the approximate kernel gives

T / Zasn VA (0) £ (9)dy (359)

This can be reduced to a matrix equation if I multiply by 7, (z) and integrate
over &

N
Cn = Gn + Z Knmcm (360)

m=1

where

o = / dwy (z) () (361)
g = / drx’ (2)g(z) (362)

b
Kpm = / drx; () Am@Pm () (363)
leading to the approximate solution
)=o)+ [ K wadeds (364)

If a linear operator A is compact we know that it can be uniformly approx-
imated by a finite matrix. In principle any finite dimensional approximation
will eventually converge. If A is compact and Hermitian then

A= In)Au(n] (365)

with
[Anl > [Anga] (366)
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In this basis the approximation

N
Ar Ay = In)Au(n] (367)
n=1
satisfies
[[A = Anl]| < |Ans1| — 0 (368)

It is clear that this is the best choice of basis. For a large matrix it may be
too much work to diagonalize A. Note that if we take a large power m of A

A™ =3 ") Ar(n] (369)

then A" will have larger coefficients for the larger eigenvalues.

One way to take advantage of this is to generate a basis using different
powers of K applied to a single vector. After normalization, as long as
the starting vector has some overlap with the eigenvector with the largest
eigenvalue, it will get emphasized. The problem is all of the vectors generated
this way will be almost parallel. To fix this we use the Gram-Schmidt method,
and orthogonalize the vectors at each step.

To illustrate this method consider the linear equation

1f) = 1g) + KI[f) (370)

where |g) is known and K is compact and hermetian.
We generate and orthonormal basis as follows

o lg)

=T (87)

2) = K1) — [1)(i|]i) (372)
5 12

2= (873)

: (374)

In) =Kln—=1) = |n=1){n = 1|K|n = 1) — |n = 2)(n = 2|K|n — 1) (375)
o)

= T2 (376)
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Vectors generated this algorithm have the properties
(M[n) = Gpmn (377)

(m|K|n) =0 lm—mn| >1 (378)
In this basis the equation has the form

n+1

Ay =)o+ D (AlK|m)(m|f) (379)

m=n—1,m>0

This gives a tridiagonal matrix. More important, if K has a small number
of large eigenvalues, this solution to the equation can often be accurately
approximated using a small number of these basis functions, even when the
original matrix is very large.

This same method can also be used to find approximate solutions to the
eigenvalue equation. If K is not Hermetian one there are related methods
that use two sets of basis vectors. One can also convert the equation to a
compact kernel equation with a Hermetian kernel using

(1=K)f)=19) —
1-KHA-K)[f)=01~-Klg) (380)
1-KN1-K)=I-K' K =K+K'-K'K (381)
where K’ = K’ and

1f) =01 -K)"(1-KDg) (382)

These are the methods of choice for solving very large linear systems
based on approximating compact kernels.
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Definition: An n'* degree ordinary differential equation is an equation of
the form

du d"u
F s Y 383
(00, e ) (33)
The differential equation is linear if F' is linear in u and all of its derivatives
d dr
F = g(2) + ro(@)u(z) + r ()= 4 -+ (@)= =0 (384)
dx dx™

The linear differential equation is called homogeneous if ¢(z) = 0, otherwise
it called inhomogeneous.

The existence of a solution to any of these equations depends on the
space of functions where one looks for solutions. The functions may have N
derivatives, or they could be tempered distributions, they may satisfy certain
boundary or asymptotic conditions.

It is difficult to find results that apply to general equations of the form
(383). The partial derivative of F' with respect the the highest derivative is
not zero at point where all of the other arguments are fixed, then the implicit
function theorem allows us to replace (383) by an equation of the form

d"u d'u d"u
don = G ) (385)
which is valid near the point defined by
d"'u
T = x0, u(To) = U, - * - W(fco) = Upn—1 (386)

There is no guarantee the this inversion is valid far form this point, but
we will show that under mild conditions on G this equation alway has local
solutions.

The mild conditions are the following. None that G' depends on n + 1
variable. The function G(z1,--- ,x,.1) satisfies a Lipschitz condition x; if
there exists an n > 0 such that x;, 2} € [¢; — n, ¢; + n] implies

‘G(I’l,"' y Ly o 7xn) - G(xh'" 7:1:/ 7:1:”)‘ < k|$2 —ZL’/‘ (387>

If G satisfies a Lipschitz condition in all n+ 1 variables the differential equa-
tion, with initial conditions

d"1u

W = Cp—1 (388)

w(zo) =co- - -
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I outline the proof. The differential equation can be converted to a system
of first order equations using

du d"lu
= = — Yyl = — 389
Yo U, Y1 dx Yn—1 dpn—1 (389)
d—? =
i _
dz Y2
(390)
dy[Z;z = Yn—1

dy;—g:l = G(x(]vy(b T 7yn—1)

Next we convert this to a system of integral equations by integrating from
Ty to x:

yo(g;) Co fg;; yo(l’/)dqjl
yi(z) €1 f:vo yr(a)da!
: =] + |+ : (391)
Yn—2(7) Cn—2 fgz) Yn—1(2")dz’
Yn-1(2) Cn—1 [ G yo, -+ Yo )d’

We can attempt to solve this system by successive approximations. To
do this write the integral equation as

y(z) =c+ /wo G(2',y)ds' (392)
yo(z) =c (393)

Yoy (z) =c+ /x ) G(z', yq)da’ (394)
(395)

Ym)(z) = ¢+ /m K G(2',y(n-1))da’ (396)
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I define a norm on this system by

ly(2) = ¥'(z)] = z_: [ym () = Y ()] (397)

The Lipschitz condition means that on a sufficiently small n + 1 dimen-
sional volume there is a constant C' such that

Y —yol < |z —x|C (398)
1 2 2
Yoy =yl < 5l —z0)°|C (399)
1 n n
Yo = Ye-n)] < —l(@ = 20)"|C (400)
Y| = (401)
- - 1 n n
D w = yon) +fol <D —llw—m["C" + [fo] (402)
k=1 k=0
lim [y | < "7 4 |fy| (403)

This shows that not only does the series for the function converge, but the
series for all of the lower order derivatives converges. This leads to the local
existence of the function and its first n — 1 derivatives. The local existence
does not mean that the solution can be extended.

This method of converting the differential equation to an integral equation
is called Picard’s method. Most local existence theorems for solutions to
ordinary differential equations are based on this result. It is of limited value
because typical functions G will satisfy a Lipschitz condition in all variables
in only a small region about an initial point.

In what follows I will discuss the solution of linear differential equations
of first and second order. These equations have the general form

o(n) T+ B)u(r) = fr) () £0 (404)
d%u du
o) T4 @) o (apula) = f(1) o) A0 (405)



First I show that any first order linear differential equation can be solved
in terms of integrals of known functions. To do this define the function p(z)
as the solution to
1 dp Bla)

T ds " ale) (406)

which can be solved to give

plw) = plg)ela PN (407)

The differential equation can then be written as

B, @)
O_dx+a(x) (z) a(r)

which can be integrated to get the solution

(@) = ——(ula0)p(zs) + / [P RZACRLICIN (408)

p(z) %o a(z’)

Next I discuss some general properties of second order differential equa-
tions of the form (89).

First consider the case that ¢(x) = 0. In this case if u;(x) and us(x) are
both solutions of (89) then so is

uz(z) = crug(x) + cous(x). (409)

This is an elementary consequence of the linearity of the linearity of the
differential operator.

I use this to show that two solutions of a second order homogeneous
differential equation are independent if and only if

W (s a) = e a7 "D )10 (410)

() 42

This determinant is called the Wronskian.
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Clearly dependence means that there are constants c¢; and ¢y satisfying

(a2 ) (8)=(0) ()

which implies the matrix has 0 as an eigenvalue and the determinant van-
ishes. Conversely, if the determinant does not vanish the solutions cannot be
dependent.

Clearly if W = 0 then

1 dul 1 dUQ
- _ -7 412
uy dx Uy dx (412)
which can be integrated to get
In(uy /us) = const (413)
or
uy = ug X constant (414)
Note that
dW(SL’) d2UQ d2U1 B(SL’)
_ _ = — ) 41
dx () dz? u2{w) dx? a(x)W(x) (415)
Integrating this gives
W (z) = W(zg)e™ I3, da'B(a") [a(a’) (416)

which shows if W (z) is zero at one point, (z¢), then it vanishes everywhere,
otherwise it vanishes nowhere (recall a(x) > 0).

It follows that if the Wronskian is zero at one point, it vanishes at all
points and the solutions must be proportional. If it is non-zero at one point
is cannot be zero at any point, so the solutions are independent.

Assume that a second order linear homogeneous differential equation has
three independent solutions. This means that there no non-zero coefficients
c1, Co, C3 satisfying

cur () + coua(z) + csuz(z) =0 (417)
Differentiating I also have

dul dUQ dU3 -
1= (@) + = (@) + es = (2) = 0 (418)
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and

d2u1 d2UQ d2U3
g (@) F e (2) e (2) =0 (419)
cup(x) + coug(x) + csug(z) =0 (420)
Consider
Uy U2 U2

det du ey sy =0  (421)

_Bdw _ ydwr __Bduy _ ydup _ Bduz _ ydus

o dx o dx o dx o dx o dx o dx

This vanishes because the last row is a linear combination of the first two
rows for every value of x. This means that it is possible to find non-zero
coefficients c1, o, c3 that make this vanish. It follows that the solutions are
necessarily linearly dependent.

It follows that second order linear homogeneous differential equations
have at most two independent solutions.

Next I show that if a second order linear homogeneous differential equa-
tion has one solution wuj(x) then it necessarily has a second independent
solution, us(z).

To construct us(z) assume that

us(z) = uy(z)h(x) (422)
The differential equation implies

0(8) - s (2 () + 3(a) (a2 () 7 () ()h()) = 0 (425)

The important observation is that all of the terms with no derivatives on
h cancel by the differential equation when applied to uw;. What survives
involves only first and second derivatives of h:

d*h dhd d dh
o) (G () + 250 4 (1) ) = 0 (424)

dh 2 duy  B(x)dh

de? " Cuy(z) de | oa(z)de
This is a first order linear homogeneous equation for %. It has the form

d dh d
- (In()) = —2- In(us(+) - p(z) (426)

(425)
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where

p(x) = /w B dx’ (427)

Integrating this gives

dh & ffzo p(z")dz’

b — 428
dx(x) PR (428)
Integrating a second times gives
. r C _f;, (x”)d:c”

) = /:c() Ul(a?’)2€ o dz’ (429)
us(z) = h(z)ui(x) (430)

The structure of the solution leads to a Wronskian of the form

d d dh ¢ N\ da!
W1, uz) = wi(wih) —wh—u = uf(x)% = cel o (431)

which is not zero. This shows that it is alway possible to construct a second
independent solution to the homogeneous equation is one is already known.

Next assume that a solution to the homogeneous equation are known. I
show that is possible to construct a solution to the inhomogeneous equation.

Assume a solution v(z) or the form v(x) = u(z)h(x). Using this in the
differential equation, all of the terms involving no derivatives of h cancel
because u; satisfies the homogeneous form of the differential equation. What
remains is

P2 du B i g
de?  Cui(z) dv  a(z)’ dr  a(z)u(r)
To solve this let R(z) be a solution to
1LdR 2 duy  fB(x)

Rl w@d = alx) (433)

(432)

leading to the equation

d*h dRdh _ R(z)q(z)

de? " drdr  ofz)ui(x) (434)
where 2(2)
R(z) = cul(x)zefzo p(a')dz’ _ C{j{/(; (435)
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The differential equation can be written as

d Rdh R(z)q(x)

i) = a@n ) o
which has the solution
dhe L[ R@E)
dx( ) R(x) /mo a(x’)ul(x’)d (437)

This can be integrated to get

_ ©ol v R($//)q($//) 2" da"
dW*memewwdd (438)

v(z) = uy(x)h(zx) (439)

All of the methods just discussed require that one solution is known. This
is used to express the other solution as the solution of a first order equation
that can be solved to get the desired solution.

In the general setting one is not typically fortunate enough to have a
solution available.
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In this section I begin the treatment of linear differential operators.
Define the differential operator

N dn
Ly =Y an(t)—. (440)
et dx

This is really a formal operator until we specify the vector space on which it
acts.

Suppose that for a a given formal differential operator L, there is another
formal differential operator L] with the property that for any sufficiently
differentiable functions u(z) and v(z) and positive weight w(z) on the interval
[a, b], that the quantity

du dv*

()" (1) Lau(e) — u(o) (L)) = o Qu(a), v (x), 00, W) (aa1)
where Q[z, u(z),v*(z), 2, ©] is a function of the form
Q = Awu(a)*(x) + Blx)u(x) o)+
O(a) ()0’ () + D(a) () () (142)

Equation (?7?) is called the Lagrange identity and L is called the formal
adjoint of L, with respect to the weight w(z).
Integrating the Lagrange identity from a to b gives

/w(x)[v*(x)Lmu(x)dx—/ u(z)(Liv(x))*de =

Qb u(8),v* (1), T 0), )] - Qb ua).v* (@), Tola), @] (443

x
Equation (??) is called a generalized Green’s identity. When L, = L then
L, is called self-adjoint.

Next I discuss boundary conditions. Assume conditions of the general

form
By(u) = avu(a) + B (@) + mu(h) + 5,0 0) =0 (444
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du du
By(u) = asu(a) + 62d—(a) + You(b) + do—(b) = 0 (445)
x dx
When these boundary conditions are combined with the requirement

du dv* du dv*

Qlb, u(b), v*(b), 7 (b), ——(b)] = Q[b, u(a), v*(a), 5—(a), ——(a)] = 0 (446)

one can eliminate two of the four quantities u(a), %(a),u(b), %(b). The

coefficients of the remaining two quantities with be linear combinations of
dv* dv*

a) + y3v*(b) + 9,
@)+ () +
dv* dv*

a) + y4v*(b) + 0
- (a) + 10" () + B4
These are called adjoint boundary conditions.

When the functions u satisfy the homogeneous boundary conditions (?7)

and (??) and the function v* satisfies the adjoint homogeneous boundary
conditions then we obtain Green’s identity

Cy(v*) = azv*(a) + F3 b)=0 (447)

Cy(v*) = ayv™(a) + By (b) =0 (448)

/dxw(m)v*(a:)Lmu(x):/ drw(z)u(x)(Liv)*(z) (449)

The choice of homogeneous boundary conditions, along with sufficient
differentiability defines the domain of the formal differential operator opera-
tor L,. If L, = LL and the domains of both operators are identical then the
operator is Hermitian.

In what follows I illustrate these concepts using second order differential
operators. These have the form

L, = @ b d 4
.= a(m)@ + (x)% + c(x) (450)

First I construct the formal adjoint operator. I consider the case w(z) = 1.

Consider the following two quantities

(@) (@)-Lue) - u(e)-L (ale)o* (@) =

dx? dz?

= (000 @) fute) = ) et o)) (451)



and

L o @bla)u)) (452)

Since these are both total derivatives, their sum is a total derivative, which
gives after adding and subtracting v*(z)c(z)u(x):

(@) [0(e) 5 u()b(@) Lu@) + exu(e)] -

() (a0 ()o(e) — (0 (2)ol) + o) ()] =
d

. (a(x)v*(:c)%u(x) — u(x)%(a(x)v*(:c)) + v*(x)b(x)u(x)) (453)

In this case the formal adjoint to L, is the operator

d? da* d d’a*  db*
T — % - 1% s o *
=a @) % L (EE ) )
and the operator () is
Q = a0 (2) - u(a) — ulz)a(e) o' (@) + 0 (@) (be) — Spulx)  (455)
= a(z)*(z) u(z) — ulz)a(z) o™ (@) +v*(@)(bz) — —Jule
The conditions for L, to be self-adjoint are
a(z) = a*(z) (456)
b(z) = 29% _ (o) (457)
dx
2ot A
c(x) = (dx2 i + c*(x)) (458)

The first condition requires that a is real. The second condition requires that
b(x) is real and given by
da

b(x) i (459)
The third condition requires that c is real. When L, is self adjoint then
Q = a(@)(v"(2) —u(z) — u(z) —v*(z)) (460)

In this case L, can be expressed in the compact form

Lou =L <a(x)3—;‘) + e(z)u(z) (461)
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Next I show that given any second order differential equation with real co-
efficient functions that it is possible to choose a weight functions so it is
self-adjoint.

Let P2 y
L = a(w) = + b(z) 7 + cfa) (462)
and consider
w(@)g" (#)a(r) Th — 7)o (w(a)g (r)af)) =
@)y @al@) D~ f@) (@) (@a(@))  (463)
and
W () (W) Dt F 1) () (2)b(a)) = - (w()g” ()b F(x) (464)

Subtracting these terms gives

w(@)g" () a@) T+ 0@) D 4 ofa) )} -
F@) g (ala)g (ww(a)) + - (0(a)g" (@) + ela)g” (2o (a)} =

L {w()a(@)g" (@)D 1)L ()" (2)a(0)+u()bla)g" () (@)} (465)

The left side of this equation can be put in the form

w()g" () (L)) — w() ) ale) g + (2L (()a(r) b)) ot
() = - @) + s aau@))a (@) (460
From this expression it is possible to read off LT and Q:
L = 0 (a) g + (2wl () — b ()t
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wdx
and of da*
Q = w(x)a(@)g" () 7= ~ f@)w(z)a(z) =L~
F@) e (w)afa)g (x) + w()b(e)g" () () (468)

In arriving at this result the weight w(x) was assumed to be known. It is
possible to try to choose w(x) so L = LT. I show that this can be done if all
of the coefficient functions are real: a(z) = a*(x), b(x) = b*(x), c(x) =
c*(z). The requirement that L = LT is equivalent to the following relations

a(x) = a(x) (469)
be) = 2 (w(w)a(a)) — bir) (470)
d@=d@—%%@@%@»+d@%ﬂ«@ﬂ@) (471)

The first equation is trivially satisfied, the second and third equations are
satisfied provided

b(r) = ——=(w(x)a(z)) (472)

o~ y(a) (473)

w@) | oal) [N
hl(w(:co)) =—1 (a(xo)) +/xo a(:z:’)d (474)
w(z) = Meﬁo o) dat (475)

a(x)
which can be made positive by a suitable choice of w(xg).
With this choice the function ) becomes

df dg*
o~ f@—-)

Q = w(z)a(z)(g*() (476)
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We can also investigate the boundary conditions. The differential op-
erator is Hermitian if the boundary conditions are identical to the adjoint
boundary conditions. I consider some useful cases:

Dirichlet Boundary conditions: Dirichlet boundary conditions at x = a
and z = b are f(a) = f(b) = 0. The adjoint boundary conditions can be
read off from (476):

w(a)aa)-—(a)g™(a) =0 w(b)a(d)—-(b)g"(b) =0 (477)

dx
which are satisfied for g(a) = g(b) = 0. Since these are identical to the bound-
ary conditions on f, it follows that L with Dirichlet boundary conditions is
a Hermitian operator.

Neumann Boundary conditions: Neumann boundary conditions at x = a
and x = b are %(a) = %(b) = 0. The adjoint boundary conditions can be
read off from (476):

dg” dg”
w(@a(a)f(@) 3] (@) =0 wb)a®)fO)T] )=0  @478)
dz dz
which are satisfied for —Z(a) = Z—Z(b) = 0. Since these are identical to the

boundary conditions on f, it follows that L with Neumann boundary condi-
tions is a Hermitian operator.
Mixed Boundary conditions: Mixed boundary conditions at x = a and

xr = b are
daf df

af(@) + 2-(a) = 03f(b) +

Now I compute the adjoint boundary condltlons note that the mixed condi-
tions lead to the relations

( ) =0 (479)

dg*

w(a)a(a)(g"(a)(~af(a)) - f(a)—_—(a)) =0 (480)
w(Ba(b)(g" (O)(~A10) ~ F0) L 1) = 0 (151)
Factoring out f gives
w(@afa) f(a) (~g(a)a’ — 2 (a))* = 0 (452)
dg

w(b)a(d)f(b)(=g(b)5" — - (b)" =0 (483)



For real o and (3 these are equivalent to

gt D=0 o)+ L) =0 (184
which have the exact same form as the original boundary conditions. This
means the L with mixed boundary conditions and real coefficients (a, 3) is a
Hermitian operator. Dirichlet and Neumann boundary conditions are special
cases of mixed boundary coefficients.

Periodic Boundary conditions: Periodic boundary conditions at z = «a
and x = bare f(a) = f(b) and %(a) = %(b) The adjoint boundary conditions
can be read off from (476):

0 = w(B)a(b)(g" (1) 2 (1) ~ (52 (1) ~w(a)a(@)(g" (@) (a) ~ F(a) (@)
* * (485)

0= F(@)w(a)ala) L (a) ~ w(b)a(h) 2 () +
L @) w(®a()g*(4) ~ wla)a(@yg*(a) (456)

This will vanish provided w(a)a(a) = w(b)a(b) and g(a) = g(b) and Z—g(a) =
g—g(b). Thus L is Hermitian with periodic boundary conditions provided
w(x)a(z) is periodic. Returning to the expression (475) for the weight

b o) ;o

w(b)a(b) = w(a)a(a)es a ™ (487)

The periodic boundary conditions requires

b b(z) da’

1 = el ot (488)
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0.22 Lecture 22:

In this section I discuss Green functions. Many of the concepts will be illus-
trated using Hermitian differential operators, however some of the methods
deal with larger classes of Hermitian operators.

The discussion starts by considering the problems

Lefu) = [f) (489)
with homogeneous boundary conditions and
Li|v) = |n) (490)

with the adjoint boundary conditions
Assume that one can find a linear operators G and g that satisfy

L.G=1 (491)
where G has the same homogeneous boundary conditions as u(x) and
Lig=1 (492)

where ¢ has the same adjoint boundary conditions as ¢g(z) and
Then

LoG|f) = I1f) = |f) (493)
which gives
u) = GIf) (494)
Similarly Then
Liglh) = I|h) = ) (495)
which gives
v) = glh) (496)

Next I introduce more of the quantum mechanical notation that was used
previously

(2l f) = f(2) (497)
(flg) = / w(a) f* (@)g(x)d (498)

The condition
(flg) = (f11]g) (499)
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leads to

I= /dx|x>w($)(a:| (500)
and 1
(zly) = w(%x —y) (501)
(@llf) = [ (lAly)u) 1wy (502)
(lAlf) = [ gty wle) Al uo) )y (508)
In this notation the Green’s functions G' and ¢ are denoted by
G(z,y) = (z|Gly) (504)
9(@,y) = (zlgly) (505)
The equation LG = I reads
L (z1Gl) = —bla =) (506)
and L'g = I reads )
Li{z|gly) = wﬂﬂf —y) (507)

Note that if G and g satisfy the boundary conditions mentioned above then
(9.LG) = (19.G) (508)
where the meaning of this equation is
b b
[ gl w@LtelGlo)ds = [ (Lfalgleh wia)alGlo)ds  (509)

Note that equations (506) and (507) give

gl () —o(a — ) = [ |
/ /

w(z) §(z — 2)) w(z) (z|Gly)dz (510)

w()

which gives
(ylglz)" = (z|Gly) (511)
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This means that second variable in G satisfies the adjoint boundary condi-
tions.

In most cases we will consider G that Hermitian. Then G' = g and both
variables satisfy the same boundary conditions.

If the two independent solutions of the homogeneous form of the differ-
ential equation are f; and f> then when x # y the kernel (z|G|y satisfies the
homogeneous form of the differential equation. It necessarily has the form

(2|Gly) = as(y) fi(x) + b= (y) fox) x>y (512)

(2|Gly) = a<(y) fi(x) + b (y) folx) 7 <y (513)

The problem the then to find the four coefficient functions a- (y), a<(y), b= (y), b<(y).
To find this relation I use the form of the differential operator and the relation

1
L. {(z|Gly) = —6(x — 514
(#l61y) = 50 ~v) (514)
The desired relations and be obtained by integrating the general solutions

for x > y and = < over the point x = y in the above relation.
To do this write (514) as

(e + 2L+ 20 Gl -

dz? ' a(z) dx a 10 x o -y (515)

Next let L4 b()
D x
Lir) = 222 516
a2 (516)
which can be integrated to get

T b(ac)

p(x) = p(ap)elo + (517)

Using (517) in (515) gives

() oz + 0 + P08 ) ity = st (1)

2 ()L twlcly) = 2

alet) + 5@ —y)  (s19)
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Next I use the relation

S —y) = -0 — ) (520)
where
0(z) = { oo 5 8 (521)

Next I write
p(z) 5z —y) = p(y) Sz —y) = iLy)(e(x —v) (522)

Using (522) in (519) gives

o)L alGlyy — —POD g ) = @@
o (p( ) {z|Gly) a(y>w(y)9< y)) ———(alGly)  (523)

Integrating (523) from xy to = gives

pla) - al6l) — - Yot -

()Lt W) g
p( O)dZE< |G|y>|z:zo + a(y)w(y)e( 0 y)

v pa)e(@’)
=— | di'————(2|G 524
| P i) (524)
Next I evaluate this for z = y + € and xy = y — € assuming that (2/|G|y)
is bounded and measurable. In the limit that ¢ — 0 the right hand side of
the equation vanishes under this assumption. The left hand side becomes,
canceling p(x)

d d 1

2 G o = NG e = TS

(525)
This gives the discontinuity in the derivative of (z|G|y) is = at z = y.
If T use (524) again write the derivative of (x|G|y) as

p(xo) d

d p(y)
N p($) %<$|G|y>‘x:mo]

ol =




I L) IV VR Sy Ay C) O
r@at)ut) Y /xd (@'|Gly) (526)

This has the form
£ (alGly) = £() (527)

where f(x) is a bounded function, which gives
(@l6ly) = (#\Gly) + [ Fla')as (52)

This implies that (z|G|y) is continuous at © = y. Equations (525) and (527)
relate the coefficient functions ax(y), a<(y), b=(y), b<(y). The relations are

(z|Gly) = (as(y) —a<(y)) fi(y) + (b= (y) — b (y)) f2(y) =0 (529)

(020 = <) L) + 0 0) = b)) L) =

It is useful to write this pair of equations as a matrix equation

(40 £0) (i) -ty ) o

which has a solution

( a(y) — a<(y) ) _ ( fiy) foly) ) ( 0 ) (532)
bs(y) — b<(y) Dy) L(y) PIOTE)

because the determinant of the matrix is the Wronskian of the solutions of
the homogeneous equation which is never zero.

The remaining relations are determined by imposing the homogeneous
boundary conditions on the z variable in (x|G|y). This works if L, f(x) =
has no non-trivial solutions satisfying the homogeneous boundary conditions.

To understand this result first note that we can always solve for the

differences a~ — a. and b. — b. because the Wronskian is not zero and
a(y)w(y) is not zero. We can write

(z|Gly) = as(y) fi(x) + b= (y) f2(x) + (7| R]y) (533)

(530)

where here (x|R|y) is defined by this equation assuming (z|G|y) exists.
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Recall that the homogeneous boundary conditions can be considered as
linear operators By and B, on the solution, giving formally

Bi(G) = a>Bi(f1) + b= Bi(f2) + Bi(R) =0 (534)

By(G) = a=Ba(f1) + bs Ba(fa) + Ba(R) =0 (535)

This is a linear system for the coefficients a~ and b~

< Bi(f1) Bi(f2) ) ( ax(y)(y) ) _ < —Bi(R) ) (536)
By(f1) Ba(f2) b (y)(y) —By(R)
This system will have a unique solution if the matrix has a non-zero deter-
minant. This shows that the absence of non-trivial solutions satisfying the
homogeneous boundary conditions is sufficient for the existence and unique-
ness of (z|G|y) If the determinant is zero then there is a non-trivial linear
combination g(z) = ¢ fi(c) + cafa(x) that is a solution to the homogeneous
equation satisfying By(g) = Bs(g) = 0.

Next we show that if G exists then the homogeneous equation has no
non-trivial solutions. Consider

(w|LG) — (L'|G) =0 (537)

This is equivalent to
v (y) = /w(ﬂf)<w\U\v>*<x\G|y> = (538)

From this equation of Lflv) = 0 has a non-trivial solution satisfying the
adjoint homogeneous boundary conditions then by (538) this solution must
vanish. Thus, L'|v) = 0 has no non-trivial solutions. By our previous argu-
ment to g and L' it follows that (x|g|y) exists and is unique. Next consider

(g|Lf) = (Liglf) = f(y) (539)

which shows that if Lf = 0 has a solution it must be zero, which means the
homogeneous equation has no non-trivial solutions.
Next I consider an example. The differential equation is

Lizlu) = (z[f) (540)

91



where
d2

= 541
dx? (541)

on the interval [0, 1] satisfying Dirichlet boundary conditions
{Olu) = (1}u) = 0 (542)

First note that there are two independent solutions to the homogeneous
equation
L{z|f) =0 (543)
given by
(z[fi) =1 (zlfy) == (544)

If weset a+b-0=0and a+b-1= 0 we conclude that there are no
non-trivial solutions to the homogeneous equation satisfying the boundary
conditions.

We also note that

(o) Llalu) — (alu) Lalo)” = (oo} (fu) — el (afo)”  (545)

which shows that L is self adjoint with weight 1. It is also straightforward
to show that the adjoint boundary conditions are

(OJv) = (1jv) =0 (546)

which are identical to the boundary conditions on (z|u), which show that L
with these boundary conditions is Hermitian.
The Green’s function, (x|G|y) has the general form

oom- {1 oo

The boundary conditions at = = y for a(z) = w(z) = 1 so 1/(a(y)w(y) =1
are

(a>(y) — a<(y)) + (0> (y) — b<(y))y = 0 (548)
(bs(y) —b<(y)1 =1 (549)

which gives
(bs(y) —b<(y)) =1 (550)
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(as(y) —a<(y)) =~y (551)

Next we impose Dirichlet boundary conditions 0 and 1.
On the left end we can assume that y > x = 0 so

0=ac(y) 1+b(y)-0=ac(y) (552)
On the right end we can assume that 1 =x >y
0=ax(y) 1+b(y)-1 (553)
Taking these four equations together we get
ac(y) =0  a(y)=-y b:(y)=y bly)=y-1 (554)

Putting these equations together gives

(z|Gly) = { %y(x__lii N i Z (555)

We can now use this to construct the general solution to the equation

L{zlu) = (z|) (556)
which is )
() = / dy(z|Gly) ] f) (557)
which in this case is
(alu) = (z — 1) / “dyylylf) + a / (v~ Dlf) (558)

This clearly vanishes at © = 0 and = 1. We can check the differential
equation

d2
@@W =

ZU )+ @ = Datelp)+ [ =001 ~ 2l = Dial)] =
= [ amtn+ [ =i -
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—2{ylf) = (L =) (ylf) = (lf) (559)

as required.
To be more specific choose (x|f) = x2. Then the general formula becomes

(alu) =<x—1>/0mdyy3+x/;<y_1>y2:

1 1 1 2zt 28 1
- -1 4 - - Ty 3_1
4(1' G +:E(4 371 + 3) 12:17(1’ ) (560)

Which obviously satisfies the differential equation and boundary condition.

In this example the solution could have been written down by inspections;
the advantage of the Green function methods is that solutions for any choice
of (z|f) can be calculated this way.
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0.23 Lecture 23

In this section I consider the situation where the homogeneous equation
La|f) =0 (561)

has non-vanishing solutions satisfying homogeneous boundary conditions. In
this case it is still possible to construct a generalized Green’s function. I start
by assuming that

Li|v;) =0 (562)

Lafus) =0 (563)

If there are more than one solution to these equations we can without loss of
generality choose linear combinations of these solutions that are orthonormal

(ilv) =6 (wiluy) = 6y (564)

The equations
L,G=1-> lo)v| (w|G=0 (565)
Lig=T-Y lu)(u| (vlg=0 (566)

can be solved. The solution is called a generalized Green’s function.
As an example of how this works consider

d2
= — 567
da? (567)
with periodic boundary conditions at © = —a and x = a. Clear the function
1
(z|ur) = —= (568)

V2a

is a unit normalized solution to the homogeneous equation satisfying the
homogeneous boundary conditions. In this case G = g,

(569)

(xlvr) = (zfur) =

¥~
IS
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and equations (565) and (566) become

d2
2(2lGly) = 0(z —y) — (zlv)(uily) =
S —y) — 5 (570)
vty 2a
The above equations can be solved for x # y. Using
d* [ x? 1
z&(%)—% (571)
gives
d? x? 5
@(<I\G|y>+@) =0 (572)

for x # y. The solutions of this equation are arbitrary linear combinations
of the solutions of the homogeneous form of the differential equations. It
follows that

2

A

(z|Gly) = 2t as(y)l +bs(y)z x>y (573)
and )
A

(z|Gly) = 7t ac(yl+bo(y)z <y (574)

The boundary conditions on the generalized green function remain un-
changed because the subtracted terms is smooth across x = y. This means
that

2 2
@ (y) + b (y)y — 2= — acly) = be(y)y+ L = 0 (575)
and b v, y
() = 2= —be(y) + 5= =1 (576)

which are identical to the matching conditions on the regular Green functions.
These can be solved to give

be(y) =bs(y) — 1 (577)
a<(y) = a=(y) +y (578)

Next we impose the periodic boundary conditions and the condition that

(w|G =0 (579)
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@Gl =~ + a1+ b 7>y (580)

and

SL’2

(z|Gly) = P (as(y) +y)l+(bs(y) -z x<y (581)

The periodic boundary conditions require

e 0= -G @) 91 00) - 1)) (9
and
2 ) =S ) -1 (583)

The second equation is trivially satisfied for any value of b~ (y). The first
equation gives

_ v 1
bo(y) = o +5=1+b<(y) (584)
To find a~(y) the requirement (u|G = 0 means that
O—l/a—jéﬂxKH>dx (585)
~Javaa T

Multiply through by v/2a to get

0= /y [—g + (ax(y) + )1 + (b= (y) — 1)z]dz+

—a

a 1’2
[——— +a(y)l + bs(y)xdr =
/y 4a

3 CL3 2 2

Y Y a
_Z 2 — 1L — 1=
190 1ag T (@t Y+a)+ (b — 1T = (0> — 1)
a3 Y3 a2 y?
_ - 47 _ ho— — ho
124 + 12a + CL>(CL y) -+ > 9 > 9 (586)
Inserting
Y 1
b = — + = o87
>= 5. T3 (587)



n (?77) gives

3 CL3 2 1 2

y y 1 Y Y a
g4 2 ooy (L=
e+ 5) D~ (L4 5) - DS
a* oy y 1.a® oy 1
Tiog Tige TRV Gty T ey (589
which is a linear equation for a > which can be solved to get
@
a >= —2—(§ + E + ya) (589)
along with the full solutions for the coefficients
1 ,a> 32
a< 2—(3 + 5 ya) (590)
Y 1
bs = =+ = 591
> = 5ot g (591)
Y 1
be == — = 592
<= 5073 (592)

This example shows how to handle the special case of generalized Green’s
functions. In order to understand the nature of Generalized Green functions
consider a compact operator of the form

L= Z U ) Ap (] (593)
and
Z [t A (0] (504)
Note that
LTL =" un) A (un| (595)
m=1
LLT =) [un) A2 (vl (596)
m=1
so A, = 0 implies
Llup) = Lf|v,) = 0 (597)
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If none of the A\, = 0 then it is possible to construct the inverse to these
operators

G =3 un) 3ol (598)

m=1 n

9= lon) (599)

m=1 n

If some of the A, are zero restrict the sum > — Y to a sum over the
non-zero A, and define

¢ = 3 o) 5o (600)

m=1 n
’ 1
J9=> (o) 3~ {unl (601)
m=1 n

In this case
LG = [va) (vl =T =) |va) (v (602)
m=1 m=1

where second sum in (?7) is over all |v,,) that satisfy
L) = 0 (603)

Similarly

!/ "

L = lun)(ual =1 =Y |un){un| (604)

m=1 m=1

where second sum in (604) is over all |u,) that satisfy

L) =0 (605)
Note that /
LGL=L=>[vn)An(vn| (606)
n=1

/
G'LG =G = |un)~— (un| (607)
n=1

1
An
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/
(LG) = (LG = |on) (v, (608)
n=1
/
(@) = (@D = 3 fue) () (609)
n=1
These equations are called the Penrose equations. They always have a unique
solution called the Moore Penrose Generalized inverse.
So far we have used Green functions to treat the case where the solution
satisfies homogeneous boundary conditions. We can also treat the case where
the solution satisfies inhomogeneous boundary conditions of the form

bin f (D) + biaf'(D)bis f (a) + biaf'(a) = o (610)
fori=1,2.
To solve this problem construct the Green function for the differential

equation satisfying the homogeneous form of the boundary conditions.
Consider the generalized Green’s identity:

/[((xlg\y>)*w(x)Lm<x\f> — (Li(=|gly)) w(z){z| f)]dz =

Qg™ f,97, f)(b) = Qg™ f. g7, f')(a) (611)
This holds for any f. Using LTg = I gives

/ (algly))"w(z) Lo (z] f)dz =

<ZE’|f> + Q(g*> fv g*,> f,)(b) - Q(g*a f> g*/? f/)(a') (612)

Next choose the weight functions w that makes L = LT. In this case @ has
the form P if
Qf.9) = wiw)a(@)[f (@) 7 — gla) ]

and (x|g|y)* = (y|G|z). It follows that
(z|f) =
[ @lGleyu(a) Lutal i
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df d

~w(®)alb)(yIGIb) - (0) = F(b)=-(3IGla =)
Fu(a)a(@)[(y1Gla) o (a) ~ f(a) - (y|Glr = o) (613)

This equation is true for any function (z|f)

Now assume that L(z|f) = (z|h). The case (x|h) = 0 is a special case
where this method also works. It gives solution to the homogeneous form of
the differential equation with inhomogeneous boundary conditions.

Also note that G satisfies adjoint boundary conditions in the second vari-
able. What survives involves boundary values of f.

To be specific assume G is the Green function satisfying homogeneous
Dirichlet boundary condition. The adjoint boundary conditions are also
Dirichlet, which means

0= (ylGlb) = (y|Gla) (614)

This leaves

(z|f) =
/<y|G|$>w($)(a;|h>d:1:—|—

w(B)a(B)[F(0) - {91Clr = )

d
—w(a)a(a)[f(a)—(y|Glz = a)] (615)
where the inhomogeneous dirichlet boundary conditions are
fle=a)=fla)  flz=10)=f(b) (616)

which is specified input on the right side of this equation.
This equation gives the solution to

L{x|f) = (x[h) (617)

with values (b|f) = f(b) and (a|f) = f(a)

Obviously there is nothing special about Dirichlet boundary conditions.
A similar result could have been achieved using Neumann boundary condi-
tion. Setting (x|h) = 0 gives a solution of homogeneous differential equation
satisfying inhomogeneous boundary conditions.
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0.24 Strum Liouville Equations

Consider second order differential operator with weight chosen so L = L. In
this case

d d
Ll ) = o) T ¢ oyl (619
Consider the eigenvalue problem for this operator
L{z|f) = Xzl f) (619)

In what follows we assume that (x|G|y) exists and satisfies LG = I. We also
assume that while (x|G|y) may have a discontinuous derivative at x = vy, the
functions

[(z|Gly)| < € < o0 (620)
forall a < x,y <b.
Consider
L{z|f) = M| f) (621)
Then ] ]

GIf) = 3GLIf) = 511) (622)
which means that |f) is also an eigenvector of G with eigenvalue i The
eigenvalue equation has the from

1
(lGly)wly)dyylf) = (el f) (623)

The bound |(z|G|y)| < C' < oo ensures that for a bounded interval [a, b] that
[ talGn) Putopwdzdy < 20— af W <00 (620)

where W is any upper bound for w(z) on [a,b]. This shows that (z|G|y) is
Hilbert-Schmidt and hence G is compact.

It follows that ﬁ — 0 as n — oo. This means that the eigenvalues of L
satisfy |\, — oo as n — oc.

Since we know

G=Y |nminl (625)
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it follows that
> 1
L=3"In)— (626)
n=0 n

Example
Let () denote a curve connecting points a and b as A varies between 0
and 1. It follows that

70)=1 ~(1)=0 (627)
In classical mechanics a particle travels along a path between two points that
is an extremum of the action functional defined by

Aly] = / D — V() (628)

where V represents the ”potential energy”. The equations define the desired
part involve writing a general path as the sum of the correct path 7y(\) and
a correction 0y(A):

Vi = Yio + n67vi(A) (629)
where the requirement that both paths have the same endpoint means that
d7(0) = 49(1) = 0. (630)

The condition that 7, is an extremum of this action functional can be

written as
dA[y, 1]

=0 631
= (631)
when 7 = 4. This gives the usual Lagranges equations
d (0L oL
— — =0 632
dA (3%) i (632)

We can ask the question if the solution of this equation is a minimum of
the action functional or simply an extremum. This is done by looking at the
“second derivative” and checking to see that it is positive. I will show that
this will be the case if a certain Strum Liouville differential equation has only
positive eigenvalues.

The check is to look at the second derivative of the action with respect
to n evaluated at the extreme “point” 7 = ~j:

2

= -
d—rﬂA[% +no7] =
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1 0L ) ( 0L ) ( 0L ) }
5ib; + 2 ) 60+ [ =22 65645 S (633
/0 {(8%-8%- o 970%; ), T o5, ), 0T (633)

The partial derivative terms are well defined functions of the A\ because
they depend on the original curve ~y. The equation is quadratic in the varia-
tions, but is is homogenous. The means the we can always scale the variations
to make this have any desired value. In order to remove the freedom to rescale
the variations we normalize them so

1
0o

We then define a new functional of the variations

! 9L ) < 9L )
2 00y + 2 - 0707+
/0 { <a%a%' 0 Lkl a%a%' 0 7

O*L )

We seek extreme values of this functional subject to the constraint (?77?). In
this case

0y = 650 + péT) (636)

Clearly the minimum will be an extremum of this functional. Taking the
derivative with respect to p setting p = 0 gives

1 0L 0*L ) )
/ {2 ( ) 0700751 + 2 ( ) (0700951 + 07:107j0)
0 0 0

8%8%‘ 8%'8%'

o (LPL ssi — 206 (637)
100751 — 200707
8728’}/‘7 0 70 7)1 7071

Integrating the 04;; by parts gives the following

! 82L) d(&?L) (82L)
2 0vio — 2—[ | =—=—— ) 7] + 2 — ) &%
/0 { (8%'8%' 0 o d)‘[ 07:97; /o o ;0% ) e

d O0?L )
—5[2 (W) 6%io] — 205%’05} 0Y;j1dA (638)
197 /¢

If this is required to be extremal then is should vanish for all d7;;. This
condition requires
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The resulting equation is

d 0’L dovio 0L d 2L

(639)
This equation has the general form
d df;
A0 g o f 4
7 (4605 + oy = o (6140

This is an ordinary Strum Liouville equation when + is a one dimensional
curve. The f; represent variations of the curve in extremal directions while
the eigenvalue sigma represents the value of second order variation when the
displacements are normalized to 1.

The condition for a minimum is that all of the eigenvalues of the Strum
Liouville problem must be positive. If the time interval [0, 1] is changed the
eigenvalues will change. Normally for short times the eigenvalues are positive,
however eventually for longer times one eventually may pass through zero.

Next I consider the relation between Green functions, Resolvents, and
solutions to the Strum- Liouville problem.

Let L be a second order Strum Liouville differential operator with a given
set of boundary conditions and define

L'=z-1L (641)

where z is any complex number. We know that L has a complete set of
eigenvectors | f,,) with eigenvalues A, which get large in magnitude as n — oo
Clearly

L' fn) = (2 = L) fn) = (z = Aa)|fa) (642)

so L' also has the same complete set of eigenvectors with different eigenvalues.
The Green’s function for L’ satisfies

LUG(z) =1 (643)

and it exists whenever z is not an eigenvalue of L. Expand

[e.9]

(2|G'(2)ly) = D _{elfa)an(y) (644)

n=0
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To find the expansion coefficients a,(y)

oo

L'(z|G' (2)]y) = Y (2l fa) (z = Aa)an(y) = 6(z = y)

n=0
If we expand the delta function the same way

[e.e]

Sz —y) = (zlfa)baly)

n=0

and multiply by (f,,|z) and integrate we get

(Fnly) =D Smn)bu(y) = bin(y)

giving

8z —y) =D (alfu)(faly)

n=0
Using (648) in (645) gives

o0

D (@l )z = A)an(y) = (faly)] =0 =10

n=0

The independence of the basis functions gives

(2 = An)an(y) — (fuly) =0

which and be solve for the coefficients a,(y):

- 52

Using (651) in (644) gives

(i) = Y

n=0

This expressions relates the resolvent

G(z)=(z— L)
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(646)

(647)

(648)

(649)

(650)

(651)

(652)

(653)



of L to both the Green functions and eigenfunction expansion.

In some problems it is easy to solve the Strum Liouville eigenvalue prob-
lem, and then the above method can be used to write the Greens function in
terms of eigenfunctions and eigenvalues of L.

It also happens that if one can find the resolvent by other methods, it can
be used to extract solutions of the Strum Liouville problem. Assume the A,
is an isolated eigenvalue of L. We showed previously in the neighborhood of
any point z not an eigenvalue of of L that G(z) is analytic in z. For isolated
eigenvalues it as simple poles at the eigenvalues. Consider

1
o G(z)dz (654)
about a contour that encloses z = A,, but no other eigenvalues. Then the

above integral becomes

1
> [ 6 =155 (655

which is the orthogonal projector on the nth eigenstate of L.

The advantage of the representation of the Green functions in terms
of eigenfunctions expansions is that they can be applied to any Hermetian
Hilbert space operators, whether they are differential operators, partial dif-
ferential operators, integral operators, or integrodifferential operators.

The resolvent G(z) has poles at the eigenvalues of L. There are precisely
at the points where L’ has homegeneous solutions satisfying homegeneous
boundary conditions.

0.25 Lecture 25

So far our discussion of second order linear differential equations was based on
the assumption that we already had at least one solution to the homogeneous
equation. In this section we discuss one method for solving a large class of
second order differential equation using power series.
Consider a second order linear differential operator of the form
d? d
L=—5+p(2)5+a(2) (656)

where p(z) and ¢(z) are analytic in an open region R except possibly on a
set of isolated points. Recall that an open region (pathwise connected)
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2o € R is called an ordinary point if both p(z) and ¢(z) are analytic at
Z = 2.

20 € R is called a singular point if p(z) or ¢(z) has a singularity at
Z = 2.

2o € R is called a regular singular point if p(z) has a pole of order < 1
and ¢(z) has a pole of order < 2 at z = z.

20 € R is called an irregular singular point if it is a singular point but
not a regular singular point.

Next I show that in a neighborhood of an ordinary point of L the equation
Lu(z) = 0 has two independent analytic solutions. Consider the problem

Lu(z)=0  wu(zo)=a  u'(z)=0b (657)

The first step is to change this into a differential equation for a new
function f(z) defined by

u(z) = f(z)e” 2l rE (658)

where the integral does not depend on path in a sufficiently small region
about zy. Using this definition

W)= (£16) = Fegal) ) (659)
and

= (f () = 22 f/ (=) — F()2p' () + £(2) ipwz) o I

2 2
(660)
Using these formulas in the differential equation gives



which is equivalent to

P+ (a0 - e - /2 1) =0 (662)

which I write as
f1(z) = —k(2) f(2) (663)
with ] ]
Ke) = a() - p(2)* = 59/(2) (664)

To solve this integrate twice to get

z

£ = f(z0) / K() () (665)

20

() = Flz0) + F(20) (= — 20) — / ) / T () (e =

a+b(z—z) — /z dz' /z k(") f(2")d2" = (666)

I reduce the integral to a one dimensional integral by integrating by parts
as follows

a+bz—z)— / (@z')/ k(z") f(2")d2" =

z

a+b(z—z) + /Z Zk(2)f()dz — z/ k(2 f(2)dz =

z20 20
a+b(z—z) + / (2" = 2)k() f(2")dZ (667)
I solve this by successive approximations. I assume that
2l f) = (=lfu) (668)
n=0
where
(z|fo) = a+b(z — 2) (669)
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Gl = / (= () fa () (670)

20

By induction I assume that

Kl (z — 2z)™

[(z]fu)| < Fo—" (671)

n!

where Kj is the maximum value of k(x) along the curve between zy and z
Using this induction assumption in equation (670) for n — 1 using the path

I
= 2 —
2 =20+ (2 — 20)t (672)
I get
(= fa)] <
z Kn_l‘zl — |2n—2
/ 0 0
LO |(Z —ZO—(Z—Z()))‘K(]FO (n_1>‘ S
1 K 14202
2n 0
Next note
! L(2)I'(2n —1)
dt(1 — )t 2dt = B(2,2n — 1) = =
/0 (1) 2201 =—T5 77
1(2n —2)! 1 1
= < —
(2n)! 2n(2n—1) — n (674)
Using (674) in (673) gives
1
(2l fud| < 12 = 20" K§ For; (675)

(n)!

which verifies that if the (n — 1)-st term satisfies the induction assumption
then the n — th term satisfies the induction assumption.

Note that the starting function in the iteration is analytic and k(z) is
analytic (for zy regular). At each stage the second derivative of the n —
th terms is —k(z) times the n — 1-st term, which is analytic. Consider a
disk centered at z = zy where both fy(z) and k(z) are analytic. Then the
integral in analytic in this region (see equation 16.1 of the text). Integrating
this function again we obtain another function analytic in the same region.
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It follows that the series (667) is a uniformly convergent sum of analytic
functions in a region where k(z) is analytic.

Because of the uniform convergence I can change the order of sum and
derivative to obtain

d? ad 2
@mf):; 2l fn) = ;d— o) =
—Zk (2] far) = —k(2) D (2l fn) (676)

which shows that thls series satisfies the differential equation. The series
solution also clearly satisfies the boundary conditions.

If there is another solution satisfying the same boundary condition the
difference must be a solution of the equation that vanishes and has vanish-
ing derivative at z = zy. If follows from the differential equation that all
derivatives vanish. By Taylor’s theorem the difference function is necessarily
Zero.

This shows that the series solution is the unique analytic solution of the
differential equation satisfying the two boundary conditions at z.

Since the solution of the differential equation is analytic in a neighborhood
of an ordinary point zy it can be expressed as a convergent power series about
Z— 20

= ez — z)" (677)
n=0
The equation can be solved by recursion:

= kn(z—2)" (678)

d*u
i —k(2)u(z) (679)
Z eon(n —1)(z — 29)" Z Z kicm(z — 20)™ . (680)

The first two terms on the left do not contribute, giving

NE

cpn(n —1)(z — z)" g can(n —1)(z — 20)" % =

n=0
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> cnpa(n+2)(n+ 1)(z — 2)", (681)

n=0

while the sum on the right is

i i kicm(z — 29)™ =

=0 m=0

00 k

> (2= 2 kkmm (682)
k=0 m=0

Equating the coefficients of identical powers of (z — zy) gives the recursion

relations
n

kn—m
Cpin = n; IS (683)

which requires the boundary conditions ¢y and ¢; to start the recursion.
As an example consider Hermite’s equation

d2

g () = 2Zi< [u) + 2A(z|u) = 0 (684)

Here I simply write the solution as a series

(zlu) = Z 2" (685)

Inserting this series into the differential equation gives

Z cpn(n — 1)z Z 2nc, 2" + 2\ Z cp2"t = (686)

Z Cnao(n+2)(n+1)2" — Z 2nc, 2" + 2\ Z 2" (687)
n=0 n=1 n=0

This gives the recursion

(6883)



Note that the sum is finite when A is an integer, but analytic solutions exist
for non-integer lambdas.

Next I consider solutions for the case that the differential equation is
solved at a regular singular point. In this case

A(z) = (z = 2)p(2)  B(2) = (2 — 20)%a(2) (689)

are analytic in a region that includes the point 2z, These functions can be
expanded about z

=Y an(z—z)"  B(2) =Y ba(z—z)" (690)

where

_ L _ —n+1 — L — —n+1
n =5 A(2)(z — 20) b, = i B(z)(z — 2) (691)

where the integral is a circle in the region of analyticity about z.
I try a solution of the differential of the form

(z|lu) = (2 — 20) ch (z —20)" (692)

The constant r will be chosen later.
Inserting all three series in the differential equation, and multiplying the
result by (z — 29)?™" gives

[e.9]

Y (n4r)(n+r—1)ea(z — 2)" =
n=0
ZZakcm m+1r)(z — )kt +ZZbkcm z— zy)ktm
k=0 r=0 k=0 m=0
Z Z(an_mcm(m +7) + bpmCm) (2 — 20)" (693)
n=0 m=0

Equating coefficients of z, gives

(n+r)n+7r—1ca+ Y (@nom(m +7) + b)) =0 (694)

m=0
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Next I separate all terms involving ¢, to get

n—1

eal(n+7)(ntr—1)+ag(n+7r)+bo] = =Y (@n-m(m+7)+bn_m)cm) (695)

m=0

This recursion make sense as long as n # 0 We can now choose r so the
coefficient of ¢y vanishes. This gives

Xo(r) :==r(r—1) 4+ agr +by =0 (696)

This is called the indicial equation. It has two roots that allow us to choose
co as an arbitrary starting value for the recursion.

This equation has two roots. If they are distinct and do not differ by
integers they lead to independent solutions of the differential equation.

The indicial equation has two roots. I call them r, and r_. I distinguish
them by requiring Re(ry) > Re(r_).

First I demonstrate that (692) with ¢, determined by (695) with r = r,.

(n+r)n+r—1)4+ag(n+r)+by=X(n+r) (697)

Because r* is the root of this polynomial with the largest real part, this is
necessarily non-sero for any n > 0 (otherwise there will be a root with larger
real part). This gives
”Zl - m+r)—|—bn m)Cm)
n —+ T+>

(698)

m=0

Next I argue that the series generated this way is uniformly convergent
in a sufficiently small disk about z = zj.

Start by observing that both A(z) and B(z) are analytic in a neigh-
borhood of z5. In a disk D in the region of analyticity both functions are
bounded because they are analytic on the closed disk:

[A(2)] < Ay (699)

IB(z)| <Ay z€D (700)

The integral representation (691) of the coefficients a,, and b, imply the
bounds

a, < — b, < — (701)



Using these bounds

n—1
(Qp—m m—i—r) + by—m)Cm)
e = | 3 Lol T Loomlin)
m=0

A1 m—i—r +A2))
|Z Rr—m\(n+ 1)

[lem]
The denominator can be bounded by noting that
A +ry)| =n® +n(2ry =1+ ao)

in addition, solving the indicial equation gives

2rs +ag — 1= +£/(1 — ag)? — 4b,
where one of the roots has positive real part which means
27’.1. +ay—1>0

It follows that

IAn+r)]=n>+n2ry —1+a+0)<n?

which gives

(Qp—m m—i—r)—l—bn m)Cm)
|Cn\—\z | <

A(n+ry)
n—1
DI
giving
=,
[Ren| < Z';”Rm% < K|R"cyl
where

(Ay(m+ry) + Ag))

K> (M1 +ry) 4+ A7) 2 -
By induction assume that

Rm|Cm| S KmFQ
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(704)

(705)

(706)

(707)

(708)

(709)
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then it follows that

n—1

K
R'c,| < Fy— K™ = 711
[Rea| < Fo— ImZ::O |[K™ (711)
Rl < FK" L1424 (712)
=R LI TR K

We can always choose K > 1 which gives

|R"c,| < FyK™ (713)
It follows that

(zlu) = (z — 20)"f(2) (714)

FOIE S lenlz = 20)" (715)

- K(z—=z
S iR (710)
n=0
which converges whenever
K(z — 2p)
=/ 1 717
ek (117)

By starting with the root with the largest real part we ensured that
A(n + r1) never vanished. This also holds for the root with the smaller real
part provided the two roots do not differ by an integer. In this case the second
solution is determined by the same procedure as the above solution, but
starting with the second solution of the indicial equation. The convergence
proof is unchanged.

In the case the that two roots of the indical equation differ by an integer
the series method only works for the root with the larger real part. The other
solution can be constructed by writing the second solution in the form

us(2) = hz)u (2) (718)
where previously we found
dh c JZ p(z")dz
i S 719
dz ul(z)2e ’ (719)
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Using the series expansion for p(z) and u, (2)

p(5) = —— 3 an(z — )" (720)

Z =Ry T

uy(z) = (2 —2)"" Z cn(z — 20)" (721)

@ — C e In(z—z0)—Y 02 %a"(z_z())n (722)
dz (2= 20)™ Loy calz — 20)")?

where we have absorbed an infinite constant in ¢, This does not change the
z dependence.
The function % has the general form

dh_ c

dz (z — zg)2r++ao

F(2) (723)

where F'(z) is analytic near z = 2, provided that ¢y # 0.
We note that since r_ = r* — N where N is a positive integer we have

2T+ +ag = 2r_ + ag + 2N (724)
Recall the indicial equation has the form
T(T—1)+GQT+bQZO (725)

Subtracting the equation with each root gives

(re)? = (r2)* + (a0 = V(s —7-) = 0 (726)
re+r_+a—1=0 (727)
ry+r; —N+a—1=2r, +ag— N —1 (728)

Using this in the representation (?77) gives

dh c

&~ Gt e

It follows that if .
F(2) =Y fulz — 2)" (730)
n=1
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then

e}

h(z) = cfwln(z —z0) + (2 —20) ™

n=1,#N

— N(z —2)" (731)

is a solution of the above equation. We finally get the form of the general
solution

u_(2) = up(2)[doIn(z — 20) + (2 — 20) VG (2)] (732)

where G(z) is analytic. This can be solved by the series method by expanding
uy(z) and G(2)

0.26 Lecture 26

In this section I consider a class of differential equations with regular singular
points. These are called Fuchsian equations. We limit our considerations to
a class of Fuchsian equations with at most three singular points in the entire
complex plane - including a possible singular point at infinity. This type of
equation was studied by Riemann and includes a large class of equations that
are of great importance in physics.

It will be useful to write these equations in the following form

d? l—a—o 1-8-p8 1-v—9 \d
U( a—o 5ﬁ+ 77+)u

—— +
dz? zZ— 2z 2 — 2y Z— 23

{(21 — 22) (21 — 23)aa’ N (22 — 21)(20 — 23) B0 N (23 — 22)(23 — Z1)W'} "

zZ—n Z— Z9 &= Zz3
u(z)
733
(z—21)(z — 22)2 — 23) (733)
where
a+d +8+0 +v+79 =1 (734)

The equation is put in this form because the indicial equations at each sin-
gular point are

rir—1)+(1—-a—-a)r+ad =0 (735)
rir—1)+1-8-0)r+p6=0 (736)
rr—1)+(1—-7=9)r+vy =0 (737)
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which have roots «, o/, 3, (, and =, .
Solutions of this equation are is represented by the symbol

21 22 Z3
Py o 0 v = (738)
O/ ﬁ/ ,y/

The form of this function can be represented will have a different form when
z is in a neighborhood of each of the three singular points. This symbol has
nine parameters.

If the symbol is multiplied by

(z—21)"(2 — 20)°(2 — 2z3)" (739)
21 R2 <3
(z—2)"(z—2)(z—-—=)'P a B v 2z p=
C]{/ /8/ ,y/
(o) =2y el 5 )
z z3 z zZ3 Oé/ /6/ '7,
- s o t Z1 29 23
<z 22) <z 23) Pla 5 5 2 \_
— Z —
4 1 Z— 21 o ﬂ, ”)/
i r i t Z1 292 23
(z zl> <z 23) Pla g o = \_
Z—z z—
2 Z9 o 6/ ,}/
21 29 zZ3
P a+r B+s v+t z (740)

o +r [f4+s A+t
The proof of this result will be a homework exercise. This shows that given
one solution of the differential equation corresponding to one set of the nine
parameters (eight independent) we can relate it to a special class of solutions
having only six independent parameters. This is because we are free to choose
the parameters r, s
If we use the homographic transformations

, Az+ B , Az + B
Z_C’z+D Zi_C’zi+D

(741)
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it is possible to show

Z1 R X3 Zi Zé Z3
P a B v z =P a [ v 2 (742)
C]{/ /6/ ,y/ O/ /6/ ,y/

This will also be verified in the homework. The result means that the six pa-
rameters can be reduced to three by utilizing the freedom to use homographic
transformations to move the positions of the singularities.

Using this freedom we choose

21 = 0, 2o =00, Z3= 1 (743)

r=—a, s=a+7vy, t=-—vy (744)

which means that the general Riemann P-symbol can be expressed in terms
of the special P-symbol

0 00 1
P 0 a+ B+ 0 =z (745)
o —a ftaty =y
We define
l—ci=d -« b=0+a+~ c—a—b:=+" -1 (746)
Z1 R9 Z3
P a B v z p= (747)
OK’ /6/ fy/
0 o0 1
(2 —21)" %2 — 22)* (2 — z3) P 0 a 0 é;ig (748)
l—c b c—a—»b
where A+ B
<1

== = 749
CZl +D ( )

AZQ +B
=7 750
o0 CZQ +D ( )

AZg —I—B
l=— 751
CZg +D ( )
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can be solved to give

(22 — 23)
z2—2(z3—2-1)

= (z — Zl) (23 — 22) . (753)
zZ — 29 23 — 21
0 00 1

P 0 a 0 z (754)
l—c b c—a—-0

A
=% 5= (752)

QlT

B_
A~

The function

is a solution to the hypergeometric equation.

0l2_u+ Lot l—c+a+b) d_u+
dz? z—1 dz
ab
o 1)u(z) (755)
It is useful to multiply this equation by z(1 — z) to get
d*u d
21— 2) s + (2(1+a+b) — ¢) = + abu = 0. (756)
dz? dz

The specific series solution about the origin, corresponding to the root
a = 0 of the indicial equation, with value 1 at the origin is called the Hy-
pergeometric function, which is denoted by F'(a,b, ¢, z) Because v = 0 it is
analytic about the origin thus can be expressed in the form

F(a,b,c,z) ch co=1 (757)
Inserting this expansion in the differential equation above give

Znn—l 2t =" cn+z "14a+b) —cz" Ve, +
n=0

e}

> abz"c, =0 (758)

n=0
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Shifting to get common powers of z gives

[e.e]

Z nn—1)c, — (n+ Dncye1 +n(l+a+b)e, —c(n+ 1)+

n=0
abcy,) 2" =0
which leads to the following relation between c¢,,.1 and c,:
Cos1 (N4 1)(n+¢)) = (n* + n(a+b) + ab) ¢,

which gives the simple relationship

This can be iterated to get

_afla+1)---(n+a—-1)b0b+1)---(n+b—-1)
= alelc+1)--(n+c—1) 0

a(a+1)"'(n+a—1):%
b@+&y.«n+b_1%:£%%§ﬁ
C(C""l)'“(n—i—c—l):%
Which gives the following expression for the hypergeometric function
F(a,b,c,z) = irnjLa (n+b) ,

n!l'(n + c)

n=0

This series converges for |z| < 1 since the next singular point is at 1.

(759)

(760)

(761)

(762)

(763)

(764)

(765)

(766)

This function has a number of useful properties. They are derived in the

text.

AF(b—c+1l,a—c+1,2—c¢,2)
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satisfies the same differential equation as F'(a, b, ¢; z) in a neighborhood
of z = 0. It gives the second independent solution to the Hypergeo-
metric equation near z = 0.

Note that we can write equation (748), replacing the P-symbol on the
right by the Hypergeometric function of the appropriate parameters to
get

21 %2 Z3
P a [ v z p= (767)
O/ /8/ fy/

(=) (=2) -
(z—2z—1)(23 — 22)

Fla+pB+y,a+ 8 +v1+a—a
(z —29)(23 — 21)

(768)

Note that the differential equation is invariant with respect to the 3!
permutations of the columns of the Riemann P symbol. On the other
hand the right side of the above equation is not symmetric with respect
to permutations of the columns.

The equation is also symmetric with respect to o <> o', § — ' v < v/,
while the right side of (ref) is only symmetric with respect to 5 < '

Using these properties it is possible to relate both solutions in a neigh-
borhood of each singular point to the hypergeometric functions. The
following solutions can be derived using the above symmetries, of sim-
ply checked by substituting them into the differential equation, using
properties of the Hypergeometric functions.

The two solutions near the singular point z = 1 have the form
F(a,b,a+b+1—c1—2) (769)
(1—2)" " Flc—bc—a,l+c—a—b1-2) (770)

while the two solutions near the singular point at infinity have the form

1
z‘“F(a,a—c+1,a—b~|—1,;) (771)

1
Z*Fmb—c+Lb—a+L;) (772)
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This shows that all of the solutions of the equation of Riemann are
related to the Hypergeometric function.

2. The series solution to the hypergeometric equation has a limited ra-
dius of convergence. The domain of analyticity can be extended using
integral representations. Some of these representations are

F(a,b,c,z) = % /1 oo(t — )Tt (1) A (773)

Fla,b,c,2) = F@F(b) /Ol(l—tz)_“tb_l(l—t)c_b_ldt (774)

['(c—b)

These can be checked by direct substitution into the differential equa-
tion. There are many other representations that are analytic in different
regions.

Some special cases of Hypergeometric functions are

F(=a,b,b;—2) = (1+2)° (775)
F(1,1,2—2) = %ln(l 4 2) (776)

11—z . F()\‘F 1)F(Oz—|— 1) (o, 8)

F(-\A+a+6+1,a+1, 5 ) = TOtatl) N\

(2)  (777)

2
F(/\+1,>\+a+1,2>\+a+ﬂ+2,1—):
—Zz

I'(2\ 2)(z — 1) Mol 1%
A+ a+B+2)(2 ) (z+1) Qg\ ’ﬁ)(z) (778)
FA+a+ 1)I'(AN+ G+ 1)2M+e+8
which are the Jacobi functions of the first and second kind.
There are a number of special cases
2o+ A+ 1)I(a+1)

a+1/2 . ()
A = fea s rar ) B (779)

22T (1 + \)? 2
=QY(z2) = F 1 1,2)\ +2
The Riemann equation

df (¢ 1l—a—-b 1—c—a+b\df abzo(zo — 23)
_ - = 1
d22+<z * z— 2y - z— 23 ) dz+z(z — 29)%(z —Zg)f 0 (781)
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has regular singular points are z = 0 and z = 25, 23. Set
Z9 = b= 2« 23 =« (782)
and let @ — oo keeping a and c¢ fixed. The resulting equation is

2
z%jt(c—z);i—i—af:() (783)
In this limit the distinct singular points at zo and 23 are both transformed
into singular points at infinity. In this limit the point z = oo is no longer a
regular singular point - it is an irregular singular point.
This equation has a solution that is analytic near zero and 1 at zero. This
can be constructed using the series method

d(a,c; z) an (784)

Using this in the differential equation gives

inn—l ) fu2"™ 1+chfn infnz"—iafnz":() (785)
n=0 n=0 n=0
Finding common powers of z gives
S (04 ) fuss + eln 4 Vs —nfu—af) " (786)
n=0
which leads to the recursion
famn = — (787)

(n+1)(n+c)

If we normalize this to 1 at z = 0 the series gives

ING) - I'(a+n)
d(a,c;z) = 2" 788
( I'(a) ; I'(c+n)l'(n+ 1) (788)
This is called the Confluent Hypergeometric function. This series is valid
when c¢ is not zero or a negative integer. When the series makes sense it is

analytic in the complex plane.
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Comparing the series for the Hypergeometric function shows that
O(a,c;z) = bltlm F(a,b,c; z/b) (789)

When c is not an integer a second linearly independent solution of equation
(7?7 ) is

27®(a—c+1,2—¢,2) (790)
It is conventional to define
'l — T'le—1
U(a,c;z) = ﬁ@(a,c, z)—i—%zl%@(a—c—i—lﬂ—c, z) (791)

There are a number of special functions that are special cases of the confluent
Hypergeometric function.
Some of the more familiar ones are

2 e, o122
Hn(ﬁ) =2"0(~5.5,3) (792)
wn . Pln+p+1)
I) = By rgr e 2 ) (793)
Erf(z) = Z(I)(%, g, —2%) (794)
To(2) = ﬁ (2) et + 5,20 41,2 (795)

Other related functions are

e Kelvin functions

e Coulomb Wave functions

e Incomplete Gamma Function
e Weber functions

e Error integral

e Airy functions

e Si and Ci functions

e Bateman functions

e Cunningham functions
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0.27 Lecture 27

In this section I give a brief introduction to group theory, representation
theory, and tensors.
Definition A group is a set G with a multiplication operator - with the
following properties

l.abeG=a-beG

2. dee G such that Va € G e-a = a-e = a. The unique
element e is called the identity element of the group.

3. Vae G Jb satisfying a-b=>b-a=e. The unique element
b is called the inverse of a.

4. Va,b,ce G (@a-b)-c=a-(b-c).

There are many examples of groups.
Example 1: The set of permutations of 4 objects with the group product
being composition of permutations.

(123 4 /1234
Pra=1y4 31 2 P2:=\ 4 9 1 3

(1234
p1p2_2341

Example 2: The real numbers with the group product being addition.
Example 3: Invertible N x N matrices with the group product being matrix
multiplication.

Definition A subgroup H of a group G consists of a subset of the elements
of G that

1. Is closed under group multiplication
2.a € H—a'eH.

Example 4: The group of integers under addition is a subgroup of the real
numbers under addition.

Example 5: The group of N x N matrices with determinant 1 is a subgroup
of the invertible matrices.
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Definition A group G is Abelian a-b = b - a for every a,b € G. A group
that is not-Abelian is called non-Abelian.
Definition Two groups GG; and G5 are isomorphic there is a 1 to 1 corre-
spondence between the elements of the two groups that preserves the group
product:

g1 92, hiehy, =g gaah

Definition A group G is cyclic if all elements of G have the form ¢™ for
some g € G (by definition ¢g° = ¢).
Definition Let H be a subgroup of G. The elements of G of the form hg
where ¢ fixed in G has h is any element of H is called a right coset of H
in G. The elements of G of the form gh where ¢ is fixed in G and h is any
element of H is called a left coset of H in G.
Theorem: The right (left) cosets divide the elements of G into disjoint
equivalence classes.
Definition A subgroup H of G is normal if the left and right cosets are
identical.
Theorem: The cosets of a normal subgroup H of G form a group. This
group is called the quotient group, written G/H

Recall that linear operators on vector spaces can be represented by ma-
trices.
Definition A linear representation of a group G on a vector space V is a
mapping from the group G to the linear transformations on V satisfying

g — D(g)

with the property
D(g1 - 92) = D(g1)D(g2)

for all g; € G. In this expression D(g1)D(gz) is matrix multiplication.
Definition Two representations D;(g) and Ds(g) of a group G are equivalent
if they are related by a similarity transformation S

Di(g) = SDs(g)S™" (796)

Definition A representation D(g) is reducible if it is equivalent to a block
diagonal representation

SD(g)S™' = 0 Dy(g) - (797)

128



Definition A representation D(g) is irreducible if it is not reducible.
Theorem: (Schur’s Lemma) Any matrix that commutes with all elements
of an irreducible representation is necessarily a multiple of the identity.

Proof: Let Ax = Az. The 2/ = D(g)x is also an eigenvector of A for any
g € G. Thus the subspace spanned by the eigenvectors of A with eigenvalue
A is an invariant subspace of D(G). If D(G) irreducible the only invariant
subspace is whole space, which means that A = A\

A Lie group is group where the group elements are analytic functions of
some parameters and where the group multiplication law depends analyti-
cally on the parameters. Lie groups are some of the most important groups
in physics.

Examples of Lie groups are
Example 1: U(1) group of unitary matrices in 1 dimension.

Example 2: U(N) group of unitary matrices in N dimension.

Example 3: SU(N) group of unitary matrices in N dimension with determi-
nant 1.

Example 4: O(N) group of real orthogonal matrices in N dimension with
determinant 1.

Example 5: SO(M,N) group of real matrices in N + M dimension with
determinant 1 that preserve a diagonal metric of the form

10 - 0 0
01 - 0 0

n= i (798)
00 -~ -1 0
o0 .- 0 -1

with M factors of 1 and N factors of —1.

Tensors are associated with group representations. Consider a set of
linear transformations on an N dimensional vector space that preserves the
following quadratic from

N
Qv,w):= Y viMyw, (799)
i=1,j
where w; = (j|w), where v} = (v]i), and

Mij == (i|M]37) (800)
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where M;; is understood to be a fixed invertible matrix. In this representation
linear transformations G; that satisfy

leave (v, w) invariant.

It is a simple exercise to show that this set of transformations is a group
under matrix multiplication. This is like a generalization of the unitarity
condition where the identity is replaced by an arbitrary but fixed matrix.

In terms of matrix multiplication

Q(v,w) =v Mw

If I define
ut =vim

then the invariant quadratic form becomes
Qv,w) =u'w.
This is invariant under the combined transformations
w—w =Gy (802)
u = (M'G* (M) 'u=Gpu (803)
There are quantities in nature the transform like product of vectors under
the action of a group of transformations. A Rank (m,n) Tensor is a multi-
index quantity that transforms like

/!
Tayamspr-bn — T,

a1--am;b1bn

Gala’l T Gama;nGDblb’l o GDbnbﬁlTa’l---a’

m?

by---by,

(804)
We see that there are two kinds of indices - sometimes called covariant and
contravariant indices.

The transformation matrices are symmetric with respect the interchanges
of the contravariant and covariant indices are interchanged among them-
selves. This means that each set of indices (covariant) (contravariant) can
be chosen to have a specific symmetry with respect to permutations, which
is preserved under the group transformation law.

If a covariant and contravariant component are summed the resulting
quantity is a tensor of rank (m—1,n—1). A tensor of rank 0 is a scalar with
respect to the group transformation law.

130



A useful property of tensors is that if 77 and Ty are tensors of the same
rank, and T7 = T, for one value of g € GG, then it holds for all values.

For example, in special relativity, if we demand the Newton’s second law
holds in the rest frame of a particle, and if the right and left side of the equa-
tion are assumed to be rank (1,0) tensors with respect to the Lorentz group,
then the transformed equation gives the generlaization of these equations in
any frame.

Examples of tensors are:
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29:172 Assignment 1 - Due Wed. Jan. 24

Consider the space of continuous complex-valued functions on the in-
terval [a, b] with inner product

[ rw

a. Show that the sum of two Cauchy sequences is a Cauchy sequence.

b. Show that if two different Cauchy sequences converge to the same
function that the difference of these sequences converges to zero.

Consider the functions { f,,(z)} defined by

0 : z<—-1-1/n
n+l4+nr @ —l-1/n<z<-1
f(z) = 1 @+ —-1<z<1
n+l—nzr : l<zx<l+4+1/n
0 : z>1+1/n

Show that this sequence is a Cauchy sequence. Show that it converges
to the discontinuous block function

0 x| >1
b(z) = { I Jzl <1
in the Ly(R) norm.

Estimate the Lebesgue integral of

1
/ 22dx
0

by dividing the range of this function into 10 equally spaced intervals
between 0 and 1. Find upper and lower bounds for the integral by using
the largest or smallest value of the function on each interval. Compare
this to the exact value.

Show that the set of rational numbers (numbers that can be expresses
as ratios of integers m/n) between 0 and 1 are a set of Lebesgue measure
Z€ero.
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5.)

Consider the set of rational numbers between zero and one. Show that
it is possible to place each rational in the interior of an open interval
(i.e. a < (m/n) < b) in such a way that if we discard all rationals and
all of the open intervals containing these rationals that what remains in
the interval [0, 1] has a measure as close to 1 as desired. [This exercise
was a critical element in Kolomogorov, Arnold, and Moser’s solution to
the classical three-body problem which asks whether the solar system
is stable]

Let S; and Sy be subsets of a larger set S. For a subset S’ of S let S’
the the complement of S” in S. This means the set of points in S that
are not in 5.

a. Show

SN Sy = (SSUSE)"

b. Show how does this show that the intersection of two Lebesgue
measurable sets are is measurable?

c. Show that every closed interval, [a, b] of the real line is Lebesgue
measurable. Find the Lebesgue measure of this set?
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29:172 Assignment 2 - Due Wednesday, Jan. 31

Consider the function f(z) = (1 —2?) on the interval [—1,1]. Calculate
a 4-th degree Weierstrass polynomial approximation to this function.
Compare the exact and approximate functions.

Use the Rodrigues formula to calculate the first four Hermite polyno-
mials.

Use the Gram Schmid method to calculate the first three orthogonal
polynomials on [—1, 1] with weight w(z) = 1. Compare these to first
three Legendre polynomials generated

. Assume that |f(z) — pu(z)] < € for all x € [a,b], where p,(x) is a

polynomial. Let M be a 2 x 2 Hermitian matrix with real eigenvalues
A satisfying a < A < b. Show that

I[(f (M) = pu(M))]| < €

where [||O]|] is the matrix or operator norm of O.
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29:172 Assignment 3 - Due Wednesday, Feb. 7

1.) Use the Rodrigues formula for the Laguerre polynomials to derive the
constants k,, kI, on page 212 of the text.

2.) Let
1
1) = —. 805
9a.1) V1 —2xt + t2 (805)
Show that
g(x, 1) =) oot"Py(x) (806)
n=0

where P,(x) is the n — th degree Legendre polynomial. The function
g(z,t) is called a generating function.

3.) The Schrodinger equation for a harmonic oscillator has the form
(—@ + 2 F,(z) = 2n + 1) F,(z). (807)

Assume that ,

Fo(z) = Cp(z)e” 2", (808)

Show that (), satisfies the same differential equation as one of the
classical orthogonal polynomials.

4.) Find the Gauss Legendre points and weights for a two point Gauss
Legendre quadrature on [—1,1]. Show that

1 2
/ vtdr =Y jw; (809)
-1 i=1

is exact or n = 0, 1,2, 3. How good is the integral for z:%7

5. Use the recursion relations to generate the first four Laguerre Polyno-
mials with v = 0.

6. Show that the Legendre Polynomials satisfy the following recursion
relations involving first derivatives

dp,

(n+1)P,yi(x) = (n+ 1)zP, — (1 —2°) "

(810)
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6.)

29:172 Assignment 4 - Due Wednesday, Feb. 14

Fourier Series: In class I developed the Fourier series for periodic func-
tions on the interval [—m, 7|. I constructed the orthonormal basis func-

tions ]
‘9 n) = _eiGn
() =

. Find the corresponding orthonormal basis functions for periodic func-

tions on the interval [0, L]?

. If £(0) is a real valued periodic function, how can you recognize that

it is a real functions by looking at the expansion coefficients:

FO) =) falfln)

Calculate Ooo Sin;—ax)d:p for a > 0.

Calculate the Fourier Transform of e~

Let f(z) and g(z) have Fourier Transforms.

F) = o= [avers) i) = == [ aueato)

Find an expression for the Fourier transform of the product f(z)g(z)
in terms of their individual Fourier transforms, f(k) and g(k),

Show

e e}

)\lim e f(x)dr =0

if f is absolutely integrable and differentiable for every .

Let f(0) be1for 0 < 6 < mand-1for —m < 6 < 0. Find the coefficients
fn in the Fourier series

FO) =) falbln)
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29:172 Assignment 5 - Due Wednesday, Feb. 21

1.) Delta functions. Show

1 €
o(x — = lim ————
(v — ) o T (z — 20)2 + €2

. 11 —cos(A(x — g
Ow = 20) = Ah—{glo T Mz — )2

A—0 2\
where y,(z) is 1 when —\ < & < A and zero otherwise.

2.) Prove the following

d(z) = o(—x)
zé(x) =0
1

d(ax) = mé(x)

ao(z) _
T— == —0(x)

B(f(x)) = 0

;| f(x;)=0 'dz \"7"

3.) Show that if f(x) is a continuous function that is identically zero for
|z| > L, then its Fourier transform is an entire function.

4.) Show that
/ 0(2)5(2) f (2)d
does not make sense on the space of Schwartz functions.

5. Calculate the Fourier transforms of

f(z) = !

(x2 + a?)(z? + b?)
1z <1
1 x>0
9@):{0 2 <0
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6. Show that the linear operator % is not bounded on the space of square
integrable functions on the real line.
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29:172 Assignment 6 - Due Wed, Feb. 28

1. Let A be a bounded operator with the property that A? is compact.
Under what conditions does

(I—A)~"

exist. Hint use the Fredholm alternative.
2. Show that if A is compact then A is also compact.

3. Let {|xn)}o2, be any orthonormal basis and let K be compact. Con-
sider the finite rank approximations

N
Ky = Z |Xn><Xn‘K‘Xm><Xm‘
m,n=1
Show that
| K — Knl||

can be made as small as desired by choosing a large enough N.

4. Show that the integral operator K defined by

(2| K|f) = / " el Ky dy ) f)

[e.e]

with
2

(| Kly) = e
is compact.

5. The harmonic oscillator Hamiltonian is defined by

- 2
H.— —@—i‘l’

a. Show that H is a linear operator.

b. Show that H is an unbounded operator.
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c. H is known to be Hermitian and has a complete set of orthogonal
eigenvectors with eigenvalues 2n+1,n = 0,1, 2, ---. The resolvent
of H is the operator

R(z)= (=~ H)""

where z is a complex number. Show that if z # 2n + 1 that R(z)
is compact.

6. It is possible for a unitary operator to be compact? Prove your result.
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29:172 Assignment 7 - Due Wednesday, March. 21

1.) Implicit function theorem. Consider the function w = e~***%*) We
would like to solve this for x near x = 2 by constructing

r = g(w,y).

While this can be done analytically, write

(2242

_(22+y2) n ae (@*+y7)
ox

w=e€

le=a (2 = 2) + R(z,y)

Write this as
1

8@*(12“’92)
ox |z=2

r=2+ [w— e~ &) — R(z, )]

Try to approximate this by iteration

To =2

1

e~ (@2 +y?)
ox |z=2

Ty =2+ [w— e~ @) — Rz, 1,y)]

for x near 2. Compare the result of this for a few iterations to the
exact result for a selected value of y. The purpose of this exercise is to
illustrate how the implicit function theorem works.

2. Consider Newton’s equation for a linear harmonic oscillator

d*x

a. Convert this to a system of two coupled first order differential equa-
tions.

b. Convert the system of first order linear differential equations to a pair
of coupled integral equations.
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. Using the initial conditions, z(0) = a and 2£(0) = 0, solve the cou-
pled integral equations by successive approximations, using the initial
conditions as the first approximation (method used in class to prove
the existence of solutions of differential equations). While there are
an infinite number of iterations needed to obtain the full solution, this
problem is simple enough that you should be able to obtain the exact
solution.

. Consider Legendre’s differential equation. If we do not specify bound-
ary conditions then we know that it has two independent solutions. One
of the two independent solutions is the Legendre polynomial. Find the
second independent solution for the case n = 1.

. Find the solution of the first order differential equation
d
cosh(x)—f + sinh(x) f(x) =0
dx
. Find the solution of the first order differential equation
ar . .
cosh(x)d— + sinh(z) f(x) = sinh(22)
x

. Consider the Wronskian of the differential equation

+ b(x)% +c(x)f(z) =0

d2
()72

where a(z) > 0. Show that the Wronskian of this equation is non-zero
for all .

142



29:172 Assignment 8 - Due Wednesday, March. 28
1.) Let L, = % on the interval [a, b].
Find the weight w(z) that makes this a hermitian operator.

Find the Green function for this operator corresponding to Dirichlet
boundary conditions.

Find the Green function for this operator corresponding to Neumann
boundary conditions.

2. Consider the linear differential operator

Find the adjoint operator on the interval [0, 1]

Find the boundary conditions that are adjoint to Dirichlet boundary
conditions.

3. Assume that K is the compact operator

- 1
n=0

that acts on square integrable functions on the interval [—1, 1]. In this
expression

(x]pn) = Po(x)y/n+1/2
where P, (z) is the n—th Legendre polynomial. Find the Green function

for K. Express your answer in terms of Legendre polynomials. Hint,
use the abstract identity KG = I.

4. Consider the differential equation

_ Bf()

dz?

Ly(x) —wf(z) = g(x)

where w is real.

Find independent solutions to the homogeneous equation.
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Calculate the Wronskian of this system. Verify that it never vanishes.

Find the most general solution to the inhomogeneous equation for a
general g(z),

5.) Consider Legendre’s differential equation for n = 1. Last week you cal-
culated the a second independent solution to the homogeneous equa-
tion. Use that solution to find the differences a. — a~ and b — b~
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29:172 Assignment 9 - Due Wed, April 4

Find the Green’s function for the differential operator

d, d 1

L=l =3

satisfying Dirichlet boundary condition at = 0 and = 1 (hint - see
text)

Let A be a linear operator and let M be the Moore-Penrose generalized
inverse of A.

Prove that M is unique.
Let A be compact. Let M be the Moore Penrose generalized inverse of

A. Discuss conditions on A for M to be compact.

Consider the differential operator L = % on the interval [0, 7] with
periodic boundary conditions.

. Are there any solutions to the homogeneous equation, L|f) = 0 satis-

fying periodic boundary conditions?

. Find the generalized Green function for L that satisfies periodic bound-

ary conditions.

. If we want to solve L|f) = |g), are there any restrictions no |g) in order

for a solution to exist.

Solve L|f) = |g) for (x|g) = cos(2z).

Consider the differential operator L = % on the interval [a, b].

Find a solution to the equation L|f) = 0 satisfying (z|f)(a) = 1,
(2] f)(b) = —L.
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29:172 Assignment 10 - Due Monday, April. 11

Let M denote a finite dimensional matrix satisfying |||M]|| < ¢ < oo.
Let M’ = L M.

Show that the Moore-Penrose Generalized inverse of M is X = iX !
where X’ is the Moore Penrose Generalized inverse of M’

Consider the series

X/ — Z([ _ MT/M/)HMT/

n=0

Show that this series converges to the Moore-Penrose generalized in-
verse of M’

Consider the differential operator
1

= -
x dx?

z+1

. Find independent solutions to the homogeneous equation L|f) = 0 on

the interval [0, a.
Find the Green function satisfying Dirichlet boundary on [0, a].

Let L be a Hermitian differential operator with some specified homo-
geneous boundary conditions. Consider the resolvent operator

R(z) = (z— L)™'

which is defined when
LIf) = z|f)

has no solutions satisfying the homogeneous boundary conditions. Let
v(t), t € [0,1] be a parameterized circle (counter clockwise) in the
complex plane with radius r and center at z = 0 with the property
that R(z) is defined for all z on the curve.

Show that . p
1 Y
P=— —
R((0)]

dt
271 0

is an orthogonal projection operator.
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b.
1)

If L|f) =n|f), what can you say about P|f)?

The Lagrangian for a free particle in a one dimensional box is

L L (dn\
2\ dt

The solution that is a stationary point of the action functional

Use the method used in the example in class to determine whether
this solution is a minimum (among all curves satisfying z(0) = a and
x(T) = b) of the action functional or not.

Given a Strum Liouville operator of the form

L= g(r) o~ h(x)

with weight w(x) = 1, z € [a, ], and g(z) and h(z) real. Show explicitly

that the eigenvalues of L|f,) = A\,|f.) are real and that eigenvectors
corresponding different eigenvalues are orthogonal on [a, b]
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29:172 Assignment 11 - Due Wed, April. 25

Use the series method to solve the second order differential equation
with constant coefficients,

L{z|f) =
d? d
= @ + CL% + b
with boundary conditions
(O[f) =1

d
(ol = 1

. What is the domain of analyticity of your solution?

. Put this equation in the form (14.6) (see K&D) and verify equation

(14.12) for this example.

Consider the differential equation

d2
I = 1) =0

Find recursion relations that define the coefficients of the two-independent
power series solutions of this equation about z = 0.

Consider the differential equation

1)+ sin(a) - £(2) — cosl2)£(2) = 0

—f(2) +sin(z)—f(2) — cos(2) f(z) =

dz? dz
Find recursion relations that define the coefficients of the two-independent
power series solutions of this equation about z = 0.

Consider the differential equation

d? 2d
S R) 2 f () — 2f(2) = 0

Find the indicial equation for a solution about z = 0. Find the roots.

Find the recursion relation that defines the coefficients of the series
solution to the differential equation in problem 4) associated with the
root of the indicial equation with largest real part.
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29:172 Assignment 12 - Due Wed., May 2

1.) Let r+s+t=0and a+ o' + 5+ '+ v+~ = 1. Show that

21 k9 X3
(z—2)"(z—2)(2z—=)'P a B v =z
a/ /8/ ,}//

satisfies the Riemann equation satisfied by

21 22 23
P a+r B+s v+t z
o +r f+s A+t

2. Show that for

, Az+B , Az +B
that
21 2y 23 2 2y 2%
P ao B v z p=PC a [ v 7
C]{/ /8/ ,y/ O/ /6/ ,y/

3. Verify that
ZAF(b—c+1l,a—c+1,2—c¢,2)

satisfies the same differential equation as F'(a, b, ¢, 2)

4. Verify that

Fla,b.c.z) = % [ =i

F(a,b,c,z) = %/0 (1— tz)_“tb_l(l _ t)c_b_ldt

are solutions of the Hypergeometric equation.

5. Verify that
ZPa—c+1,2—¢,2)

satisfies the same differential equation as the confluent Hypergeometric
function (¢ not integer) ®(a,c, z).
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