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In a recent experiment, d'Angelo and coworkers have observed oscillation near the
ion cyclotron frequency in e tepid Cs plasma when the electron drift velocity
parallel to the magnetic field exceeds about three times the ion thermal
velocity. In the condition of his experiment the ratio of kinetic to
magnetic pressure is B kﬁlO~7 and Te = Ti° The usual theory of the two
stream instability, which considers only waves propagating parallel to the
magnetic field, would predict stability until the electron drift velocity
becomes comparable to the electron thermal velocity. Only in situations
where Te =10 'I‘i does the critical velocity approach the ion thermal velocity.
In the following we poiht out that for a collisionless plasma instability
oceurs at a much lower velocity for electrostatic waves near the ion
cyclotron frequency and propagating at large angles to the field.

We consider a homogeneous infinite plasma in which the ions and elec-
trons each have a Maxwellian distribution at a characteristic temperature
with the center of the Maxwellians displaced by a drift velocity u. We
will work in the frame where the ions are at rest. If u = O the plasma
is evidently stable. We would therefore expect that instability could
only occur if k”u:>1/ where 2/ is the wave frequency and k” the wave num-
ber parallel to the field. This is the condition that the peek of electron
distribution be moving slightly faster than the wave--the usual condition
for being able to put energy into the wave.

In this case if we put 2/“'111, the ilon cyclotron frequency, and
u~ v

thi
The significance of this is that for large k and low B only pure electro-

-~the case we wish to discuss--we obtain the condition kHRL-:) 1.
i

static waves are possible. Thus if we write down the dispersion matrix
Vx V% E + E = »lmg in & coordinate system in which one of the axes is

parallel to‘E, determining j from the Boltzmenn equation, we find the
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dispersion matrix has the following structure:

KoasP 4 (ali) (ale) (al3)
() 2P (ay) (2) |= 0 (1)
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where the gquantities (aij) arise from the plasma currents and are all of

2

order - We note that for k2:>:>-y2, 2 » The only possible root

(10 )2 (102

D : D
is ve = (a33)-—the pure electrostatic mode in which Bl k. If we put
O 2 2, 22 2

v~ 0., k -—i—ﬂmn(m,Fz-—g——-<<lemdk(kx9)= B =£>> 1.
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Thus we need only consider pure electrostatic modes.
For this case the dispersion relation has been given by many suthors,

 e.g., Bernstein, Phys. Rev. 109, 10 (1958)

Y4k u . +nQ) nao., Y+ u,+n 0,
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Here T is temperature, uj‘the drift velocity of the j species,

r;(x) = e‘XIn(x)-—In is the usual Bessel function of imaginary argument,

and
® 2
W(x) = -1 4+ = e a (3)
Vi x+y
=00

The contour of the integral may be teken along the real axis for x in

the lower half plane (growing waves). Limiting forms are given by




W -1+i/n 'x [x]|<=< 1

1 (4)
W%“‘""“é‘ I.Xl >>l¢
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For all real x, IP(W) = i\/7 xe™> .
The limiting form given for large x is not valid for highly damped
waves which are of no concern here.

Since we are concerned with wave lengths comparable to the ion-gyro-radius

== 1

k_LRL << 13 l—;,e = 1; E#O,e = 0. Moreover we see that since

e vth

: e
the argument of the electron W function is very small. Since we are con-

cerned with a wave nearly at resonance with the ion-gyrofrequency we may

neglect all the ion terms except n = -1. This gives us

F (v+k“u) T, ( v-0, Q, V-0, (5)
0= |~1+i/ 7 e | W + 14| e 5
%] Ven | Ta HUUEa]Ven, ) P { Iknlvthi);

We may obtain an approximate solution by noting that a condition Ffor
solutioh is a large argument for the ion W function as otherwige the large
imeginary part (ion cyclotron damping) will give a damped solution.

Iif

Y-,
—|==1 (6)

k. v
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we have simply

(7)




Here we have chosen k, negative as the direction of propagation for

instability and used 1/«,;11,

We note that rl has a very flat maximum at kiﬁifv 1.5 attaining there

a value .22.

We conclude therefore that the maximum growth rate is given by

T
IP(y)~ 4 =S o B (8)
T, 4 Vthe
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occuring for kiRL 1 and k” 3 o A}§ < 15 ¢

Moreover from Eq. (6) we must have

NI g — 1
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and also % i} <:V11 so that a rough criterion for instability is given as
Il th th ‘
e e
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To refine the stability criterion we return o Eq. (5) and look for a

critical value of u which will lead to real frequency 7 . The imaginary

part of Eq. (5) then becomes

2
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k v
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- +== [, 5 e =0 (9a)
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and the real part
Te ‘Ili
7 150 = L. (9b)




We have neglected the small real part of W here asg its argument is

large. Substituting (9b) into (9a) we have
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The minimum comes for
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and the critical drift is then
a T, 1, W T,
—— L +1 '2—%--%2;105}--»2 (10)
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This formule is not relisble for Te== Ti as then higher n values must
be considered in Eq. (9b). Nqnetheless one can see by inspection that as
Te/Ti increases the root moves closer to Ili and the criticel drift decreases.

It would appear then that this instability near the ion cyclotron
frequency reduces the amount of current which can be drawn parallel to the
field by about an order of magnitude in the case of equal temperature as
compared to previous theories which consgider only k1_= 0. Nonetheless it
appears far from & satisfactory explanation of d'Angelo's results for the

following reasons:
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(1) The predicted critical velocity is still about a factor 4 too P WA

high as compared with his results. Whether the experimental error is this
large wé cannot say (for example whether for some reason Te is a few times
larger than Ti)' Moreover we predict oscillations at about 1.2_Qi ratherﬁlif‘* v
than at 111.

(2) 1In practise one would not expect to have a double Maxwellian dis-
tribution. Rather the electron distribution function near v = O should be
much flatter since Coulomb collisions are more frequent for low energy
particles. This should increase the critical velocity somewhat.

(3) This theory is based on the collisionless equations. In d'Angelo's
experiments IliTEolllv 10, Whe?e'T5011 is the ion-ion collision time. In
view of the low growth rates we calculate it is difficult to see why col-

ligional damping would not dominate or in fact how any coherent wave near

the ilon cyclotron frequency can exist.




